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ABSTRACT

Representative sampling of particulate materials remains a critical challenge across scientific and industrial do-
mains, yet traditional method comparisons based on means and variances fail to capture complete distributional
differences. This study introduces Characteristic Function (CF) analysis as a comprehensive statistical framework
for evaluating sampling methods, providing a complete spectral representation of sampling distributions that re-
veals features hidden from conventional statistics. We empirically compared two common methods, scoop sampling
and riffle splitting, using four density tracers (blue corn at 1.3 g/cm3, steel at 7.8 g/cm3, lead at 11.3 g/cm?3, and
tungsten carbide at 14.9 g/cm3) mixed in a popcorn matrix, with 32 samples per method analysed for both particle
counts and individual mass measurements. Results demonstrate that while both methods captured similar mean
counts, riffle splitting maintained near-ideal Poisson behaviour across all density ranges (variance-to-mean ratio =
0.77—0.93), whereas scoop sampling exhibited severe density-dependent over-dispersion (variance-to-mean ratio
up to 19.33) and failed to capture heavy particles in 28 — 47 % of samples. CF analysis revealed fundamental dis-
tributional differences (integrated CF distance D = 0.324), with scoop sampling producing multimodal, heavy-tailed
distributions with oscillatory CF signatures indicative of particle clumping, while riffle splitting generated smooth,
unimodal distributions approaching Gaussian form. The riffle method demonstrated superior performance across
all metrics: perfect detection sensitivity, statistical independence between tracer captures (factorization error 4.9x
lower), consistent mass measurements (CV 3.7—6.1x lower), and strong count-mass linearity (r > 0.98). A com-
posite scoring system integrating six performance dimensions ranked riffle splitting significantly higher (0.89/1.00)
than scoop sampling (0.60/1.00). This study establishes Characteristic Function analysis as a powerful diagnostic
tool that bridges theoretical sampling science and practical method validation, providing evidence-based recom-
mendations for particulate sampling protocols and a generalizable template for evaluating any sampling method
applied to heterogeneous materials.

1. Introduction

1.1 The Sampling Problem in Particulate Despite decades of research and standardization ef-

Materials

Representative sampling of particulate materials
stands as a critical yet persistently challenging task
across numerous industrial and scientific domains. From
mineral processing and pharmaceutical manufacturing
to food production and environmental monitoring, the
ability to obtain samples that accurately reflect the
composition of bulk materials directly impacts product
quality, process efficiency, and economic outcomes [1,2].

forts, sampling remains what Pierre Gy famously
termed “the Achilles’ heel” of analytical chemistry [3],
with sampling errors often exceeding analytical errors
by orders of magnitude.

The fundamental challenge arises from the heterogene-
ous nature of particulate materials, where components
of interest—whether mineral grains, agricultural grains,
active pharmaceutical ingredients, or contaminants—are
rarely distributed uniformly throughout the bulk.
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This heterogeneity manifests at multiple scales: mi-
croscopic variations in individual particle composition,
mesoscopic clustering or segregation patterns, and
macroscopic distribution gradients [3,4]. When sam-
pling such materials, every extraction act introduces
bias, the magnitude of which depends not only on the
sampling method itself but also on the material's in-
herent heterogeneity and the sampler’s interaction
with it.

Traditional approaches to evaluating sampling meth-
ods have largely relied on comparative statistics—
comparing means, variances, or conducting t-tests
between methods [4,5,9]. While these methods pro-
vide some insight, they suffer from a critical limitation:
they reduce complex, multidimensional distributional
information to a few summary statistics. This is akin
to describing a symphony by reporting only its average
volume and duration while ignoring melody, harmony,
and rhythm. Two sampling methods might produce
identical mean compositions while capturing funda-
mentally different distributions, with one method sys-
tematically oversampling clusters while another pro-
vides truly representative samples.

1.2 The Characteristic Function: A Statistical
“X-ray” for Distribution Analysis

The Characteristic Function (CF) is a powerful yet un-
derutilized tool in the sampling scientist’s arsenal. First
introduced as an analytical method by Lagrange around
1770, the first general definition of the characteristic
function is attributed to Laplace in his 1812 work, Théo-
rie analytique des probabilités [7]. In this work, Laplace
effectively used what we now recognize as the Fourier
transform—an integral transform rooted in his own
earlier probability studies from the 1780s, as a tool for
probabilistic analysis. While Fourier's 1822 treatise later
formalized the transform that bears his name [8], the
underlying mathematical ideas were already present in
Laplace’s work.

The CF as we know it today was formalized in the early
20th century, primarily through the work of Paul Lévy
and Aleksandr Khinchin. Lévy’s 1937 monograph, Théo-
rie de ’addition des variables aléatoires [9], established
the fundamental properties of characteristic functions
and used them to prove general versions of the Central
Limit Theorem. Independently, Khinchin made parallel
contributions to the theory of limit theorems and sta-
tionary processes [7,9]. Through their efforts, the char-
acteristic function became a complete description of a
probability distribution through its Fourier transform.
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Mathematically defined as ¢,(t) = E[e™], where i is the
imaginary unit and t € R is a real-valued parameter, the
CF encodes all information about the distribution of the
random variable X.

What makes the CF particularly valuable for sampling
analysis is its dual nature as both a comprehensive
descriptor and a practical computational tool. Unlike
probability density functions that can be difficult to
estimate and compare, CFs offer several advantages for
sampling studies:

a) Completeness: The CF uniquely determines the
distribution, so no information is lost in the trans-
formation.

b) Additivity: For independent random variables, the
CF of their sum equals the product of their individu-
al CFs, making it ideal for analysing particle counts.

c) Moment generation: All moments of the distribu-
tion can be recovered through differentiation at the
origin: E[X ¥] = (- D*@} (0), where ¢ (0)
denotes the k-th derivative of the characteristic
function evaluated at t = 0.

d) Numerical stability: CFs are often better behaved
than density functions for empirical estimation, re-
quiring no tuning parameters like bandwidths.

In the context of particulate sampling, CFs serve as a
kind of “statistical X-ray,” revealing the internal struc-
ture of sampling distributions that remain hidden to
conventional analysis. They allow us to answer funda-
mental questions like: Do two sampling methods pro-
duce the same underlying distribution? Are different
particle types sampled independently? How does sam-
ple mass affect distribution shape?

The relevance of CFs to particulate sampling was es-
tablished by Venter [5], who modelled trace analyte
concentrations using compound Poisson distributions
derived from CFs, elegantly establishing the connec-
tion to particulate sampling, a topic covered in some
detail by Lyman [6,7]. However, the application of CFs
to compare different physical sampling methods, par-
ticularly for multi-tracer systems with both count and
mass data, remains largely unexplored. This study ad-
dresses that gap.

1.3 Research Objectives and Study Design

This study addresses this gap by applying Characteristic
Function analysis to compare two common sampling
methods: scooping and riffle splitting for particulate
materials.
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Our investigation has four primary objectives:

a) Pedagogical: To explain Characteristic Functions in
accessible terms, demonstrating their utility beyond
theoretical statistics.

b) Methodological: To develop a comprehensive CF-
based framework for sampling method comparison.

¢) Empirical: To apply this framework to experimental
data from four density tracers, analysing both par-
ticle counts and mass distributions.

d) Practical: To provide evidence-based recommen-
dations for sampling practitioners and quality con-
trol systems.

An experimental study was conducted using four dis-
tinct density tracers, blue corn (lightest), steel balls,
lead balls, and tungsten carbide (heaviest), mixed in a
controlled particulate matrix of popcorn maize. Thirty-
two samples were collected using each method, with
both particle counts and individual mass measurements
recorded. This design allows us to examine not only
how many particles of each type are captured, but also
whether the captured particles are representative in
terms of size/mass distribution. The analysis proceeds
through traditional descriptive statistics that provide
a baseline comparison, followed by CF analysis which
reveals underlying characteristics of the distributions.
The independence between tracers is examined to-
gether with the consistency of mass measurements,
addressing the fundamental question: “Which method
produces samples that better represent the true com-
position of the material?” This research aims to dem-
onstrate that Characteristic Functions capture the full
complexity of particulate heterogeneity and offer a
more nuanced and informative approach to sampling
method evaluation, while providing actionable insights
for practical sampling applications.

Introductory figures (Figs. 1—3) are theoretical and use
simulated data to introduce the characteristic function
(CF) concept and typical spectral signatures of distri-
butions relevant to particulate sampling, using purely
simulated data; no experimental data are used in Figs.
1—3. Experimental results (Figs. 4—7 and Tables 4—12),
drawn from the study data in SR.xlIsx, demonstrate CF
analysis in practice and enable a practical comparison
of sampling methods. Both components are essential:
the theory builds understanding of CFs, while the ex-
periments demonstrate CFs’ diagnostic power in real-
world sampling.

2. Theoretical Framework of Characteris-
tic Functions

2.1 Definition and Interpretation of the Char-
acteristic Function

Although the characteristic function may initially ap-
pear as an abstract construct with little apparent
connection to practical sampling, it actually offers a
compact, intuitive, and powerful way to characterise
randomness by providing a complete spectral repre-
sentation of its probability distribution. For a real-val-
ued random variable X, the characteristic function (CF)
provides a complete representation that uniquely de-
termines its probability distribution and is defined as:
Wy (1) = Ele'™ ] = Elcos(eX ) + isin(tX)] (1)
Where i = v = 1 is the imaginary unit,and t e Ris a
frequency parameter. For a continuous random variable
with probability density function fX (x ), this becomes
the integral:

oo

pylt) = exp™ f y (x)dx (2)

LEH

While for a discrete random variable taking values x,
with probabilities p,:

0

py(t)= exp'tfip, (3)

L

There are several interconnected interpretations that
clarify the usefulness of Eq. (1).

First, from a probabilistic standpoint, for a random
variable X (say, the number of tungsten particles in a
sample), and for any fixed real number t, we compute:
@x (1) = Ele™]= E|cos(ty) + isin(ty)] (&)
a point on the complex unit circle whose angle depends
on X. The Characteristic Function ¢(t) is simply the av-
erage position of this point over many realizations of X.
If t is small, the phase t, changes slowly with X, giving
an average near 1+0i. If t is large, the angle varies rap-
idly, and the average tends toward 0+0i.

Second, from a transformation perspective: The CF is
precisely the Fourier transform of the probability den-
sity function f (x). Just as a prism separates white light
into its constituent colours, the Fourier transform de-
composes a probability distribution into its frequency
components.
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The parameter t represents frequency in this analogy,
small t probes large-scale distribution features (like
the mean), while large t reveals fine details (like the
behaviour in the tails).

Third, and most powerful for comparing the distribu-
tions is the generative perspective: The CF contains the
complete “DNA” of a probability distribution. Given
@(t), one can recover not only the mean and variance
but every moment, every quantile, indeed the entire
distribution itself through the inverse Fourier trans-
form:

Jr..'[{-r}: zl:l'[ U_”T@_};{f}dt (5)

L)

This completeness property makes CFs uniquely suit-
ed for comparing distributions, two methods produce
identical sampling results if and only if their CFs are
identical for all t. Consequently, two sampling methods
yield statistically identical results if and only if their
characteristic functions are equal for all t. This com-
pleteness property is the foundation for using CFs as
a rigorous tool for comparing empirical distributions.

2.2 Essential Mathematical Properties

Several mathematical properties make CFs particularly
valuable for sampling analysis:

a) Linearity of Expectation:
@ax + () = ¢ Py lat) (6)

b) Independence and Convolution: If X and Y are inde-
pendent:

Wy +y(L)=@r(t)-py(L) (7)

c) Moment Generation: The k-th moment exists if
LR

@y :(D} exists:

| - ek
Elx*|=(-i) Jr_g.fﬂx'if]lr 0 (8)

d
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2.3 The Musical Score Analogy: Why Charac-
teristic Functions Work

Consider a musical performance of Beethoven's Fifth
Symphony. The actual sound, the waveform measured
by a microphone, is analogous to a set of sample meas-
urements: complex, detailed, and unique to each per-
formance. The musical score, by contrast, is a compact
representation containing all essential information:
notes, rhythms, dynamics, and tempo markings. From
the score, one can reconstruct performances (though
interpretation introduces variation), compare different
orchestras’ interpretations, and analyse musical struc-
ture.

Characteristic Functions play exactly this role for prob-
ability distributions. The probability density func-
tion (PDF) is like the audio recording—complete but
unwieldy for comparison. The CF is like the musical
score—compact yet informationally complete. Just as a
musician can compare two performances by examining
their scores, we can compare two sampling methods by
examining their CFs.

This analogy can be extended to explain several key op-
erations within the characteristic function framework.
Each orchestral manipulation has a direct mathemati-
cal counterpart in the manipulation of distributions.
For instance, a transposition of the composition—
shifting all notes to a new key—corresponds to scal-
ing the random variable X by a constant a, as captured
by the relation @aX(t) = ¢X(at). Similarly, the addition
of instrumental parts, enriching the overall harmony,
is analogous to the convolution of independent ran-
dom variables. This is mathematically manifested in
the multiplicative property of their characteristic func-
tions: for independent X and Y, @X+Y(t) = @X(t) @Y(t).
Harmonic analysis of the score, extracting fundamental
frequencies and relationships, parallels the derivation
of moments via differentiation of the characteristic
function at the origin, where ¢(k)(0) = i*E[X]. Finally,
simplification to a piano reduction, which preserves the
essential melodic and harmonic structure while omit-
ting full orchestral detail, corresponds to the extraction
of marginal distributions from a joint characteristic
function by evaluating it with arguments for specific
dimensions set to zero.
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2.4 Visualizing Characteristic Functions: From
Theory to Intuition

Diagrammatic representations shown in Fig. 1 and Fig. 2
present CFs for three distributions relevant to particu-
late sampling: the Poisson (modelling particle counts),
the Normal (approximation for large samples), and a
compound Poisson (mixing particle size variations).

Top row of Figure 1 shows probability distribu-
tions: (a) Poisson probability mass function (A = 3)
representing discrete particle counts; (b) Normal prob-
ability density function (1 = 3, o = 1) representing the
large-sample approximation for continuous measure-
ments; (c) Histogram of simulated compound Poisson
distribution (A = 3, with exponential particle masses
of mean 1) representing aggregated particle mass in
samples. Bottom row shows the corresponding char-
acteristic functions: (d) Poisson CF exhibiting oscilla-
tory decay, reflecting its discrete nature. The oscillatory
pattern in the Poisson CF has fundamental period 2,
reflecting the discrete nature of the distribution. This
periodicity is partially visible within the plotted range
t € [-4, +4]. (e) Normal CF showing smooth Gauss-
ian decay, characteristic of continuous, well-behaved
sampling distributions typical of large sample sizes.

(f) Compound Poisson CF demonstrating intermedi-
ate behaviour with heavier tails, characteristic of par-
ticulate systems where both particle count and mass
vary. All CFs satisfy ¢(0) = 1 (yellow dot), reflecting
probability conservation. The magnitude (black dotted
line) illustrates decay rates: fastest for Normal (most
concentrated), intermediate for Compound Poisson,
and slowest with zero-crossings for Poisson (discrete
+ variable). These spectral signatures provide a com-
plete distributional fingerprint for comparing sampling
methods.

Several key features emerge:

a) The unity property: All CFs pass through ¢(0) =
1+0i, reflecting the fact that probabilities sum to
one. This serves as a natural “home base” for com-
paring CFs.

b) The envelope of decay: The magnitude |¢(t)| decays
with |tl, with faster decay indicating “smoother”
distributions (more concentrated, fewer extremes).
The Poisson CF shows oscillatory decay, revealing its
discrete nature.

Figure 5: Characteristic Functions of Distributions Relevant to Particulate Sampling

Poisson Distribution (A=3)
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Figure 1: Characteristic functions and probability distributions for three statistical models relevant to particulate sampling.
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Comparison of CF Decay Rates: Key to Distribution Properties
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Figure 2: Decay rates of characteristic functions for three particulate sampling distributions, Poisson, Normal, and Compound Poisson

¢) The symmetry principle: For real-valued distribu-
tions, @(-t) = @(t) = (complex conjugate), creat-
ing symmetric magnitude plots but antisymmetric
phase plots.

d) The moment connection: The slope at t = 0 gives
the mean ¢'(0) = i-E[X], the curvature gives the
variance, and higher derivatives yield skewness and
kurtosis. Thus, traditional summary statistics are
merely the first terms in a Taylor expansion of the
CF.

The magnitude [¢(t)| of the characteristic function is
plotted against the frequency parameter t. The Poisson
(A = 3) distribution (slowest decay with zero-crossings)
indicates a discrete, heavy-tailed process. The Normal
(n = 3, o = 1) distribution (fastest, smooth decay) rep-
resents a concentrated, continuous distribution. The
Compound Poisson model (intermediate decay) shows
behaviour characteristic of aggregated particulate sys-
tems with random particle masses. All curves satisfy
lo(t)l < 1 and ¢(0) = 1.

2.5 Advantages of Characteristic Functions for
Particulate Sampling Analysis

Characteristic functions (CFs) offer distinct advantages
for the analysis of particulate sampling data, primarily
due to four key properties.

SST - ISSUE 5 - JUNE 2026

Additivity for independent sums (Eq. 9): If particles
of type A and type B are captured independently, with
counts N,~Pois(2,) and N,~Pois(1,), then the CF of total
particles N=N,+N_ is simply:

on(t) = @n, () - oy, (1)
= exp (/'LA(e” - 1)) - exp (/'lB(eit - 1))

=exp (A4 + Ap)(et — 1) (9)

This multiplicative property extends naturally to mul-
tiple particle types and to the compound case where
particles have random masses.

Completeness for rigorous comparison of distributions:
Two sampling methods are statistically equivalent if
and only if their CFs are identical for all t. This provides
a stronger guarantee than equality of means or even
equality of all moments (distributions can have identi-
cal moments yet differ in subtle ways).

Stability of empirical estimation: Given n samples
X X, the empirical CF q‘:‘:,i[z}:{1f’nJZcxpi}éE(fuf}
converges uniformly to the true CF, with known dis-
tributional properties. Unlike kernel density estimates
that require bandwidth selection, the empirical CF is

parameter-free and unbiased.

FERRES)
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Natural multivariate extendibility: For d particle types,
with random vector X = (X,,.., X,)" the joint
CF ot 1ty ) = Elexpingi > :,.-x,ﬂ.

This captures not only marginal distributions but all
dependencies between types, crucial for detecting
whether heavy and light particles are sampled together
or independent.

The foundation in compound Poisson theory is that the
CF framework aligns directly with Venter's model [5]
for trace analytes in particulate materials, providing a
natural mathematical structure for modelling random
particle counts with random masses. This connection
supports both theoretical interpretation and practi-
cal model specification in sampling studies. Together,
these properties make characteristic functions a robust,
non-parametric, and information-rich tool for com-
paring sampling distributions, testing independence,
and evaluating sampling representativeness in particu-
late systems.

2.6 The Empirical Characteristic Function:

From theory to data

In practice, the theoretical characteristic function ¢(t)
is unknown and must be estimated from observed data.
Given n independent and identically distributed d-di-
mensional samples X ,...X € RY the Empirical Charac-
teristic Function (ECF) is the unbiased estimator de-

fined as:

Pt} %Z exp :::'ETX j )
i=1
] n '. i k (10)
ﬁz ;r.rp(: Z t _f_-XJ.,-I.)
i=1 R /

wheret = (t,t,..,t,)T € RY are frequency parameters and
eTX :7“ ¢, x , denotes the Euclidian inner pro-
duct. '

The ECF inherits several desirable statistical properties
directly from its definition:

- itis unbiased E[ @x(t)] = @(t)

- uniformly consistent @ n(t J=o@(t Jasn— oo and

- its variance, Var( @it )) = 'I’a“n.[ 1 -lp(nF],
decreases with sample size.

Crucially, its estimation requires no tuning parameters,
such as the bandwidth necessary for kernel density es-
timation, making it a straightforward and stable non-
parametric tool. The empirical CF estimator converges
uniformly to the true CF, with properties analogous to
sampling algorithms for finite populations [25].

2.7 Quantifying Distributional Differences

with Distance Metrics

To quantify the dissimilarity between the sampling
distributions generated by two methods—denoted by
their characteristic functions ¢(t) (SCOOP) and ¢(t)
(RIFFLE)—we employ a metric based on the integrated
squared difference of their ECFs. To construct a stable
and convergent distance, we apply a Gaussian weight
function w(t) that emphasizes lower frequencies, as
these are estimated with greater precision from finite
data. The primary Integrated Weighted Squared Dis-
tance is defined as:
i

D% = lgpe(e) —q@p(t)] w(t)de (11)

Hu.l

This scalar metric provides a global measure of dis-
tributional divergence. For more localized analysis, the
Pointwise Absolute Difference, A(t) = loy(t)-@L(?)l, iden-
tifies specific frequency ranges where the two distribu-
tions differ most significantly.

Finally, to test for stochastic independence between
tracer pairs within a given sampling method, we lever-
age the factorization property of the joint characteristic
function. For a bivariate vector (X,Y), statistical inde-
pendence holds if and only if:

our(t, 2) = px(t)-ex(t2) Vi, &2 (12)

We test this hypothesis empirically using the average
absolute deviation over a set of random test points, as
described in Section 3.3.3.

2.8 The compound Poisson connection: Ven-
ter's model and this extension

Venter's seminal 1982 work [5] provides the direct
theoretical foundation for our analysis. He considered
a well-mixed particulate material containing trace
amounts of an analyte A.
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If the material consists of n total particles, with n,
particles containing analyte mass x, n, with mass x,,
etc., then for a random sample capturing K particles,
the number of A-containing particles follows approxi-
mately Pois(A) with A = K(n,/n), where n, is the total
number of A-containing particles.

The key insight: The total analyte mass T in the sam-
ple is a sum of a random number (Poisson) of random
masses (from distribution 1), giving rise to a compound
Poisson distribution with CF:

prit) = uxpl;{j (ei* — 1)dr(x) (13)
0

Where 7 describes the distribution of analyte mass per
particle.

This work extends Venter's framework [5,7,8] in three
directions:

a) Multiple analytes: We track four distinct tracers si-
multaneously, requiring multivariate CF analysis.

b) Mass measurements: We have direct measurements
of particle masses, allowing empirical estimation of
1 rather than assuming its form.

Theoretical CFs - Real Part

Theoretical CFs - Imaginary Part

ARTICLE

¢) Method comparison: We use CFs not to model a sin-
gle sampling process but to compare two competing
processes (SCOOP vs RIFFLE).

Equation (14) reveals why sample mass matters: as
sample size increases (K — o), the Poisson term domi-
nates, and the CF approaches that of a normal distribu-
tion via the Central Limit Theorem. For small samples,
however, the specific form of rsignificantly influences
the distribution shape, exactly the regime where sam-
pling method differences are most pronounced. The CF
framework complements foundational inference meth-
ods in survey sampling [28] by providing a complete
distributional description.

2.9 Worked example: Comparing two Poisson
distributions

These concepts are illustrated with a simple exam-
ple comparing two Poisson distributions, analogous to
comparing particle counts from two sampling methods.
To demonstrate the difference between theoretical and
empirical CFs, we generated n = 100 random samples
from each distribution.

CF Difference (Area = 0.5840)

o
S
.
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Figure 3: Comparison of two Poisson distributions via characteristic functions (CFs)
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Method A: Pois(A = 2.0), a sample mean = 2.010, vari-
ance = 2.111, and variance/mean ratio = 1.050

Method B: Pois(A = 4.0), a sample mean = 3.870, vari-
ance = 4.498, and variance/mean ratio = 1.162

The CF distance metrics:
Theoretical distance = 0.583991,
Empirical distance = 0.458678

The CF distance metrics were calculated using Equation
(11) with the Gaussian weight function w(t) = exp(-
t2/4) defined in Section 2.6. The theoretical distance
(comparing the true CFs) was D, = 0.174, while the
empirical distance (comparing the ECFs estimated from
the 100 samples) was D,,, = 0.172.

Figure 3 illustrates the CF-based comparison frame-
work applied to these simulated data. The real and
imaginary CF components show systematic differences
between the two distributions, while the right panel
quantifies the integrated CF distance. Unlike traditional
mean comparisons that would only indicate Method
B captures twice the particles, CF analysis reveals the
complete distributional difference, including variability
patterns and tail behaviour.

Figure 3 Top Row (Theoretical): Characteristic func-
tions for two Poisson distributions with rates A, = 2.0
(“Method A”) and A, = 4.0 (“Method B"). From left to
right: real part of the CF; imaginary part of the CF; ab-
solute difference between CFs. The shaded area corre-
sponds to the integrated CF distance, D, = 0.1738 is
the weighted integral of the squared difference (Equa-
tion 11). Bottom Row (Empirical): Empirical character-
istic functions estimated from n = 100 samples drawn
from each Poisson distribution. Left: real part; mid-
dle: imaginary part; right: absolute difference between
empirical CFs (shaded area). The empirical distance is
D,,, = 0.1724.

The close agreement between theoretical and empirical
CF differences illustrates how the CF distance metric
quantifies distributional divergence directly in Fourier
space. This approach is particularly suited for compar-
ing discrete or compound distributions encountered
in particle-counting and mass-aggregation experi-
ments, as demonstrated in the subsequent independ-
ence-testing and compound-Poisson examples.

10

2.10 Validation of Characteristic Function
Methodology

2.10.1Independence Testing via CF
Factorization

Acorepropertyofindependentrandomvariablesisthefac-
torization of their joint characteristic function, expressed
as  Prrov(tota) = @dx (1) - @y(tz) Vit
for all $t_1, t_2$ [7,8]. This property was tested
empirically on two synthetically generated datasets
(n = 100 samples each): one comprising independ-
ent Poisson variables X ~ Pois(3)¥ ~ Pois(3)
and another with a defined dependency
¥ =X+ & where X ~ Pois(3and e ~ N {0,1)
represents independent additive noise. To quantify de-
viations from independence, we define the mean abso-
lute factorization error:

m
1
m .

i

£ = | tyba) ~ G(E10) - pOLy) |

where m = 50 random frequency pairs (t”., tzj) are sam-
pled uniformly from [-0.5, 0.5]2. The reported plus-
minus values represent standard deviations calculated
via bootstrap resampling (10,000 replicates).

The mean absolute factorization error was 0.486 *
0.290 for the independent pair and 0.479 * 0.285 for
the dependent pair. The near-equality of these values
illustrates an important practical consideration: with
finite sample sizes, the empirical CF estimator itself in-
troduces variability that can mask weak dependencies.
Both cases show substantial non-zero error because
the empirical CF, being based on limited data, only ap-
proximates the true CF.

However, the utility of this test lies not in the absolute
magnitude of ¢ for a single dataset, but in:

+ Comparative analysis: When applied consistently

across methods (as in Section 4.2, Table 11), the
substantially higher ¢ for SCOOP versus RIFFLE
clearly indicates stronger dependence.
Pattern analysis: The distribution of deviations
across frequency space (rather than just the mean)
can reveal dependency structure—a direction for
future research.

Thus, while the factorization test with finite samples
cannot definitively “prove” independence from a sin-
gle measurement, it serves as a valuable comparative
diagnostic when applied consistently across sampling
methods under identical conditions. This is a critical
consideration in multi-parameter sampling.
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Table 1:  Descriptive statistics for simulated compound Poisson processes.

Mass Distribution Sample Mean Coefficient of Variation (CV) % of Zero-Mass Samples

Exponential 4.77 0.646 1.5 %

Lognormal 5.64 0.479 0.0 %

2.10.2 Analysis of Compound Poisson
Processes (Particle Mass Analogy)

To model aggregated particle properties, such as total
mass, data were simulated from a compound Poisson
process, where N ~ Pois(A = 5), with two distinct parti-
cle mass (M,) distributions: exponential (mean = 1) and
lognormal (heavy-tailed). The empirical statistics for
n = 200 realizations are summarized in Table 1.

The characteristic function distance between the
two aggregated mass distributions was calculated as
d. = 0.064. This positive metric quantitatively con-
firms that the underlying particle mass distributions
are fundamentally different. This result demonstrates
that a CF-based comparison can discriminate between
sampling regimes even when conventional summary
statistics, such as the mean and coefficient of varia-
tion, are similar.

The analysis substantiates several advantages of the
characteristic function framework for particulate data
analysis. First, the CF uniquely encodes all moments
of a probability distribution, thereby providing a more
comprehensive signature than standard descriptive
statistics. Second, the integrated CF distance provides
a robust, non-negative scalar metric to quantify the
disparity between two empirical or theoretical distribu-
tions. Third, the factorization property of joint CFs of-
fers a direct test for stochastic independence between
observed variables. Finally, the compound Poisson pro-
cess serves as a natural and flexible model for particu-
late systems, where the number of particles is random
and each contributes a random property, such as mass.
The CF framework is particularly well-suited to han-
dle such composite distributions both analytically and
empirically.
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2.10.3 Application to SCOOP versus RIFFLE
Data Analysis

The validated characteristic function (CF) methodol-
ogy is applied directly to the comparative analysis of
SCOOP and RIFFLE datasets. This application follows
three core analytical steps.

First, the empirical joint characteristic function is con-
structed for the multivariate tracer data. For particle
counts data across four tracers, Blue Corn (BC), Steel,
Lead, and Tungsten Carbide (WC), the 4-dimension-
al empirical CF, @™ for the SCOOP method and
L for the RIFFLE method, are computed as:

rourlE

(Z\)g%untS(t) — % ?il exp [i(tlBCj + tZSteel]-

+ tzLead; + t,WC;)| (14)

Where t = (t,t,,t,t,). An analogous formulation is em-
ployed for particle mass data, substituting count values
with their corresponding mass measurements.

Second, a quantitative distance between the SCOOP
and RIFFLE distributions is calculated using the inte-
grated characteristic function distance. For count data,
this metric is defined as:

I f_ﬂ“m_‘{ = f |§}_‘ﬁ_.-;|n|h-{. t) - f'.?iﬁ.-’””i“ (t) .:m( t)de

and similarly for mass data. (15)

with an equivalent distance D___, mass computed for
the mass distributions. This scalar provides a direct
measure of dissimilarity between the two sampling re-
gimes.

Third, stochastic independence between tracer pairs
within each regime is assessed by testing the fac-
torization property of the joint CF. For any pair of
tracers, say tracer 1 and tracer 2, the empirical joint
@b, 0,0) = @ tq,000) @000} for all
tracer pairs is compared to the product of the corre-
sponding marginal.

1



BN ARTICLE

Systematic deviations from this approximate equality
across frequency pairs indicate statistical dependence
between the tracers. This diagnostic is performed for
all relevant tracer combinations within both the SCOOP
and RIFFLE datasets.

2.11Why these equations matter for sampling

The mathematical framework outlined above provides
several critical advantages over the limitations of clas-
sical sampling variance models, such as Gy's formula,
which often rely on traditional simplified distributional
assumptions.

- Non-parametric: Makes no assumptions about dis-
tribution shape (Normal, Poisson, etc.)

- Complete: Captures all distribution features, includ-
ing heavy tails (rare but important extreme values),
multimodality (mixed particle populations), and
dependencies between tracers

« Numerically stable: The empirical CF estimator has
lower variance than kernel density estimators do,
especially in the tails.

+ Theoretically grounded: Direct connection to com-
pound Poisson theory [5,7] provides physical inter-
pretation.

This mathematical foundation and properties of the
CF (Table 2) transforms what might appear as ab-
stract theory into practical tools for answering concrete
questions about sampling performance. The worked
examples demonstrate how these equations (Table 3)

translate to code, and how the results inform decisions
about which sampling method better represents the
true material composition.

To illustrate the distinctive spectral signatures cap-
tured by characteristic functions (CFs), we compare
three distributions relevant to particulate sampling
systems. Figure 1 presents the characteristic func-
tions and corresponding probability distributions for:
(i) a Pois (A = 3) process representing discrete particle
counting; (ii) a Normal (p = 3, o = 1) distribution rep-
resenting continuous measurements; and (iii) a com-
pound Poisson process with A = 3 and exponentially-
distributed particle masses, representing aggregated
particulate properties. The CFs reveal fundamental dif-
ferences in distributional structure that are not always
apparent from summary statistics alone. The oscilla-
tory decay of the Poisson CF reflects its discrete na-
ture, while the smooth Gaussian decay of the Normal
CF indicates continuity. The compound Poisson exhibits
intermediate behaviour with heavier tails, characteris-
tic of aggregated particulate systems. These distinc-
tive spectral signatures, visualized in Fig. 1, provide the
foundation for our empirical comparison of SCOOP and
RIFFLE sampling methods in Section 4.

Table 2:  Properties of the Characteristic Function
Property Mathematical Expression Interpretation for Particulate Sampling
Existence o(t) exists for all t, for any distribution Always computable from data

Unity at zero ¢(0) =1

Probabilities sum to one

Boundedness lo(t)] <1 forallteR

Stability in empirical estimation

Conjugate symmetry o(-t) = o(t)*

Applies to real-valued measurements

Continuity ¢(t) is uniformly continuous Smooth dependence on t
Additivity @X+Y(t) = @X(t): @Y(t) for independent X, Y Independent particle contributions multiply
Scaling @aX(t) = oX(at) Adjusts for changes in mass or count

Moment generation E[XK] = (-i)*p®(0)

Recovers mean, variance, etc.

Inversion formula f(x) = 1/2m(Se ™o(t)dt

Reconstructs full distribution

12
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Table 3:  Summary of key equations

ARTICLE I

Concept Equation

Application in Our Study

n

1
Pu() = exp(itX))

Jj=1

Empirical CF

Estimate from 32 samples

CF Distance 5 2
p? = [ Ips(0) = 950 w(®)dt
R

Quantify method difference

Independence Test

m
1
=Sy
j=1

Check tracer independence

Compound Poisson

pr(t) = exp [/1 f (e — 1)dr(x)]
0

Model particle mass variation

Moment Recovery E[Xk] — (—i)k(p(k)(O)

Get mean, variance, skewness

3. Materials and Methods
3.1 Materials

3.1.1 Host Material Preparation

The neutral host matrix for the sampling experiments
consisted of approximately 6400 g of slightly elon-
gated popcorn maize with a hard outer shell, whose
density and diameter are listed in Table 4 and typically
shown in Fig. 4a. The host-tracer mixture was prepared
by adding 160 particles of each tracer type (640 total)
to the host substrate (Fig. 4a). The tracer ratio of blue
corn, steel, lead, and tungsten = 1:1:1:1 by count. This
design ensured that each tracer type would be present
in roughly equal numbers, and that the perfect sam-
ple should contain 5 grains of each tracer, facilitat-
ing comparison of sampling efficiency across density
ranges. The combined mass of the density tracers was
654.39 g, making a total lot mass of 7054.58 g. The
host and density tracers were mixed in the sealed plas-
tic container by rotating the container twenty times.
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3.1.2 Density Tracer Selection and
Characterization

Four distinct density tracers were selected to span a
wide range of particle densities relevant to mineral
processing applications, specifications for which are
listed in Table 4. Particle size was selected to ensure
the sampling devices captured all tracers, spherical
metallic tracers minimize shape effects, isolating den-
sity as the primary variable, and distinct colours (blue
corn, metallic) aided in visual separation and counting.
The rationale for tracer selection included the density
range (1.3-14.9 g/cm3) encompasses typical values for
gangue minerals (2-3 g/cm3), sulphide ores (4-5 g/
c¢m3), and heavy minerals (6-20 g/cm3). The spheri-
cal shape minimizes shape-induced sampling bias and
facilitates both counting and mass measurement. The
density tracers are shown in Fig. 4a before they are
thoroughly mixed in the popcorn maize substrate. The
250 ml stainless steel scoop used to extract the scoop
samples is shown in Fig. 4b and 4c; each scoop would
extract approximately 220.4 g of material. Thirty two
such scoops of popcorn maize were used to make up
the substrate so that after splitting the lot six consecu-
tive times, the masses of the 32 riffle samples, would
be almost identical (~220.4 g).
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Figure 4: (a) Popcorn maize substrate with density tracers (left to right) blue corn, steel, lead, tungsten carbide, before
mixing, (b) vertical view of 250 ml scoop inserted vertically with forward cutting motion, (c) side view of 250 ml
stainless steel scoop 80 mm wide, 47 mm deep, (d) 18 chute riffle splitter with 10 mm wide chutes for material
division, and (e) maize with density tracers spread on the base of the riffle delivery pan to evenly distribute
particles to all chutes
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Table 4:  Tracer Particle Specifications

ARTICLE

Tracer Material Densitgy Nominal Sphericity Represents Host & Rationale / Key Condition
(g/cm3) Diameter Concentration
(mm)
Blue Corn = 1.3 4-6 Natural Light organic/gangue Host: popcorn Spans the low end of the 1.3—
(Maize) Variation maize (1.2 g/cm3) 14.9 g/cm3 density range.
Conc.: ~2.3 % by
mass, equal count
ratio
AlSI 52100 = 7.8 4.0 £ 0.1 > 0.95 Moderate-density Same as above Spherical to minimize shape
Chrome Steel metallic bias; ensures statistical
presence in 30—40 g samples.
Pure Lead = 11.3 7.0 £ 0.1 >0.95 High-density metallic Same as above High-density contrast with
(99.9 %) host for method validation.
Tungsten Carbide =z 14.9 5.0 + 0.1 > 0.95 Very high-density Same as above Spans the high end of the

(WC-6 %Co)

metallic

density range; high sphericity
aids counting.

3.1.3 Material Homogenization Protocol

The 160 particles of each tracer type (640 total) were
added to the popcorn host and mixed in the sealed plas-
tic container by rotating the container twenty times.
While the best attempt was made to homogenise the
mixture there is no means by which this may be veri-
fied. Clearly the effects of the Grouping and Segrega-
tion Error cannot be overcome by manual mixing and
homogenisation.

3.2 Sampling methods
3.2.1 SCOOP Method (Conventional Sampling)

Thirty two independent samples were extracted with-
out replacement, each sample being an independent
extraction from the freshly homogenized bulk; the op-
erator extracts the sample from a random location in
the plastic container and has no means of exercising
a preference over the material extracted. Each sam-
ple targeted 220.4 g total mass, sufficient to contain
multiple particles of each tracer type while maintaining
practical handling. The SCOOP method (Table 5) repre-
sents traditional grab sampling techniques commonly
used in industry.

Table 5:  SCOOP Method Apparatus and Protocol.
Component Description / Purpose
Apparatus Circular stainless steel scoop, 80 mm diameter, 47 mm depth; total capacity = 250 cm3.

Material preparation

Plastic container with homogenized material spread to a uniform depth of 180 mm.

Procedure

1. Insertion: Scoop inserted vertically into material at predetermined location.

2. Cutting: Forward motion through material while maintaining vertical orientation
3. Extraction Filled scoop lifted without rotation or tilting.
4. Transfer Contents transferred to collection container for analysis.

Sampling characteristics

Single-point sample extraction with minimal disturbance to surrounding material analogous

to conventional "grab" or "thief" sampling.

SST - ISSUE 5 - JUNE 2026
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3.2.2 RIFFLE Method (Enhanced Sampling)

The RIFFLE sampling method (Table 6) was performed
with strict attention to details such as the even spread
across the delivery pan, the location of the delivery pan
over the riffle splitter, and careful pouring of the ma-
terial over the centre of the riffle chutes (Fig. 4d and
4e). Each of the 32 samples for each sampling method
was weighed and the number of each of the four den-
sity tracers was counted. The total mass of each sample
was recorded and a count of the number of tracers and
their mass was recorded for each sample using a cali-
brated electronic balance. These data for the scooping
and riffle splitting together with their descriptive sta-
tistics are presented in Appendix A.

The 32 samples for each method were drawn without
replacement from the finite lot (total mass = 7055 g).
This design mirrors industrial practice, where sam-
pling is virtually always conducted without replace-
ment. The Finite Population Correction (FPC = 1 - n/N
= 1 - 32/7055 = 0.9955) applies identically to both
methods, reducing theoretical variance by < 0.5% for
each. This negligible and equal effect cannot account
for the orders-of-magnitude performance differences
observed between methods (see Section 4.1.1 for de-
tailed discussion). All comparative metrics—VMR, CF
distances, independence tests, and composite scores—
remain valid because both methods share the identical
FPC.

3.3 Statistical Analysis Framework

The analytical strategy proceeded from traditional de-
scriptive statistics to advanced distributional analysis
using Characteristic Functions. Traditional metrics es-
tablished baseline performance, while CF analysis pro-
vided a complete, multivariate comparison of sampling
distributions. Finite population sampling theory [27]
provides context for this approach.

3.3.1 Descriptive Statistics

Initial evaluation employed standard statistical meas-
ures for counts and mass. The mean (¥} and vari-
ance (52) for each tracer-method combination were
calculated. The departure from ideal random (Poisson)
sampling was quantified using the Variance-to-Mean
Ratio (VMR), or index of dispersion | = & 2f A where
| = 1 indicates Poisson behaviour. The statistical prop-
erties of such ratio estimators are well-established in
survey sampling theory [19,20,27]. Sampling sensi-
tivity was assessed via the zero-count proportion P ,
and mass consistency via the coefficient of variation
cv = () x 100 %.

3.3.2 Characteristic Function Methodology

The core analytical innovation was the application
of empirical multivariate Characteristic Functions
(CFs). For a random vector X representing particle
counts for the four tracers, the CF is defined in Eq.
pit) = t'luxpir::?{'i t'x) L where t € R4 is a frequency
vector. The empirical CF, estimated from n = 32 inde-
pendent samples arranged in matrix X € R3>*4, was com-
puted in Eq. 10. The empirical CF estimator converges
uniformly to the true CF, with properties analogous to
sampling algorithms for finite populations [25].

The CF distance metric D provides a rigorous, quan-
titative measure of the difference between the full
multivariate distributions generated by each sampling
method, capturing differences beyond means and vari-
ances.

3.3.3 Independence Testing via CF
Factorization

A key property of the CF is that for independent random
variables, the joint CF factorizes into the product of the
marginal CFs: @ias (L lp) = @alta) - @p(ip),

Table 6:  RIFFLE Method Apparatus and Protocol.

Component Description / Purpose

Apparatus Riffle Sampler 18 chute, each 10 mm wide. Total width: 180 mm. chute length: 150 mm. Collection bins
matched to channel dimensions, arranged to collect from alternate channels.

Procedure 1. Feed: homogenized material poured evenly across the entire riffle width.
2. Division: material flowed simultaneously through all channels
3. Collection : alternate channels directed material to left and right collection bins (one side used per sample).
4. Sample definition: one complete collection from all channels constituted one sample.
5. Repetition Process repeated without channel bias.

Sample Sampling type: Multi-point extraction across material width, mixing action inherent during channel division.

characteristics

Design based on Jones riffle splitter principles for improved representativeness.

16
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Characteristic Function (CF) Implementation Specifications

Aspect Specification

Empirical CF (Counts)

For the counts data matrix X € R32*4 (32 samples x 4 tracers):

~ 1 & &
?, (t) = 52 €Xp lzthjk where t = (t,t,t,t ) are frequency parameters.
Jj=1 k=1

CF Distance Metric

NE

The integrated squared distance between the CFs of the SCOOP (S) and RIFFLE (R) methods:

@5 (0 - @r(O|fw(t)dt

R4

with Gaussian weighting w(t ) = exp( - || t |l 2/4) to emphasize low-frequency components and

ensure integrability.

Numerical
Implementation

- Integration Domain: t, € [-2, 2], for k = 1,...,4.
- Discretization: 15 equidistant points per dimension (50,625 total evaluation points).

- Validation: Monte Carlo integration for higher-dimensional consistency checks.
« Platform: Implemented in Python using NumPy and SciPy libraries.

We tested the independence of sampling between trac-
er pairs (A,B) by calculating a normalized factorization
error eAB:

Ean %Z

H 1

where (t,;, t,) are m = 100 random test points uniform-
ly distributed in [-0.5,0.5]2. A small ¢ (theoretically
zero) indicates statistical independence in the capture
of the two tracers. The average normalized factoriza-
tion error ¢, is computed as the mean of ¢,; across all
six tracer pairs (Blue Corn-Steel, Blue Corn-Lead, Blue
Corn-Tungsten, Steel-Lead, Steel-Tungsten, Lead-

Tungsten).

Pl atn) -ty 0) - @tg)] (16)

. 1. . .
Eavg = g(i BC - Steel T Y BC - Lead T €80 W

+ Esieel - Lead T Esteel - we T ELead - wi)

3.3.4 Counts-Mass Relationship Analysis

To evaluate the practical utility of count data for pre-
dicting mass, a common requirement in metallurgical
accounting [13,14], we analysed the linear relation-
ship between particle counts (C) and total mass (M)
per sample. The Pearson correlation coefficient r was
calculated, and a simple linear regression model was
fitted. For an ideal, unbiased sampling method, the in-
tercept B, should be approximately zero (no mass at
zero count), and the slope B, should approximate the
average particle mass.
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3.3.5 Composite Scoring System

For an integrated assessment, a six-metric scoring
system was developed. Each metric Si is normalized to
a [o, 1] scale, where 1 represents ideal performance.
The overall score S, is calculated as the arithmetic
mean of the six component scores, providing an equally
weighted, composite measure of overall sampling per-
formance (Table 8).

3.4 Software and Computational Details

All statistical analyses, CF computations, and visualiza-
tions were implemented in Python 3.9. The following
key libraries were utilized, Numerical Computation &
Statistics: NumPy 1.21.0, SciPy 1.7.0, statsmodels 0.12.2,
scikit-learn 0.24.2, Data Handling: pandas 1.3.0., and
Visualization: matplotlib 3.4.2, seaborn 0.11.1.

All custom analysis code developed for this study, in-
cluding scripts for CF calculation, distance metric inte-
gration, and score generation, is available in the sup-
plementary materials to ensure full reproducibility.
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Table 8:  Composite Performance Scoring Metrics.

Metric Formula

Interpretation

1. Poisson Fit Score

Sy =1-[1-1]

Closer to 1 indicates the sampling distribution is
closer to ideal Poisson (random) sampling.

2. Sensitivity Score S,=1-P, Closer to 1 indicates fewer missed detections (zero
counts).
3. Independence Score S, =16, Closer to 1 indicates more statistically

independent capture of different tracers.

4. Mass Consistency Score g

E"l_.-' MASSES

100

Closer to 1 indicates lower variability in captured
particle mass.

5. Correlation Score S.=r

Closer to 1 indicates a stronger linear relationship
between counts and mass.

6. CF Similarity Score S, =1-D

counts

D, is the CF distance between the method
and the reference distribution (defined as the
Riffle method distribution in this comparative
analysis). Closer to 1 indicates the method's
count distribution is more similar to that of the

reference method (RIFFLE).

Overall Score ) 1 ] ]
5 tortal EZ S

Arithmetic mean of all six component scores. An
ideal method would score 1.0.

3.5 Methodological Innovation Statement

This study introduces three methodological advances
for the comparative analysis of particulate sampling:
(1) the application of multivariate Characteristic Func-
tions (CFs) to quantify differences in the full, joint dis-
tribution of tracer counts across methods; (2) the inte-
grated analysis of particle count and particle mass data,
capturing both the quantity and the size-distribution
aspects of sampling performance; and (3) a composite
scoring system that synthesizes multiple statistical and
distributional metrics into a unified evaluation frame-
work. This integrated approach, with its workflow illus-
trated in Fig. 5, enables a nuanced and comprehensive
assessment of sampling method performance beyond
conventional summary statistics.

18
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MATERITAL PREPARATION
Popcorn + 4 Tracers — Homogenization
SCOOP Method RIFFLE Method

Count data matrix Count data matrix
Mass data per tracer Mass data per tracer

Step 1: EMPIRICAL CHARACTERISTIC FUNCTION CALCULATION USING:

SCOOP Empirical CF
= Y32 ¥jexpli(ts- BC; + to- Steel; + ts- Lead; + ta- WCj)]

®scoop(t ta, ts, ta)

RIFFLE Empirical CF

‘FRIFFLE(ETTLJ tg, t3, tq.] = 1_'1"-32 E] Exp[i;{ti o EC] + tz o SIEEI] + t3 o LEﬂ-d] + tq. o Wﬂi)]

Step 2: CHARACTERISTIC FUNCTION PROPERTIES ANALYSIS

REAL COMPONENT IMAGINARY MAGNITUDE DECAY
Re[@(9)] = /32 X cos(t-X) COMPONENT | g | = J(Re? + Im?)
Oscillations — Im[§(t)] = /52 ¥ sin(t-X) Decayrate = d || /dt
MULTIMODALITY Asymmetry— Slow decay —
SAMPLING BIAS HEAVY TAILS

PHASE SYMMETRY CHECK
At} = arctan(Im/F.e)
Conjugate symmetry requirement: @(—t) = ¢ * (t) , implies
¥ Re[#(—t)] = Re[@(t)](even function)
Im[g@(—t)] = —Im[@(t)] (odd function)
= |@(—t)| = |¢(t)] (even)
= 8(—t) = —8(t) {odd)
VIOLATION INDICATES: — Particle segregation during sampling
— Directional bias in extraction, — Non-stationarity in the material

STEP 3: MULTIVARIATE DISTANCE CALCULATIONS
D* = | Pscoop(t) — “ﬁmrns(mz - w(t) dt

Where w(t) = exp(—||t||*/4) (Gaussian weighting)
t € [-2.2]°. 15 points per dimension
D =0.337 [0.268, 0.431] — SUBSTANTIAL DISTRIBUTIONAL DIFFERENCE

STEP 4: SPECTALIZED ANALYSES

COMPOSITE SCORE

Figure 5:

SCO0P==0.108
RIFFLE e=0.022
— RIFFLE: 4 9= more
independent capture

Mass CV: SCOOP = 143.6 %
EIFFLE=41.0%
— RIFFLE: 3.5= more
consistent mass

INDEPENDENCE TEST MASS DISTRIBUTION s
£ =Y Tl @t te) - ANALYSIS S_total = 4/¥'S _i
fp[tuﬂ]l--:b(ﬂ-t:i}r D_mass =0.191 SCOOP: 0.69, RIFFLE: 0.89

6 metrics: Poisson fit,
sensitivity, independence, mass
consistency, correlation, CF
similarity

Characteristic Function analysis workflow begins with raw count and mass data matrices from both sampling

methods (SCOOP and RIFFLE).

Step 1: Empirical CFs are computed. Step 2: CF properties (real/imaginary components, magnitude decay, phase
symmetry) are analysed to infer distributional characteristics. Step 3: A multivariate distance metric D is calculated

via Gaussian-weighted integration of the squared CF difference across a 4-dimensional frequency domain.

Step 4: Specialized analyses include independence testing via factorization error ¢, mass distribution CFs, and
composite scoring. Each colour block represents a distinct analytical phase

SST - ISSUE 5 - JUNE 2026
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4. Results

The results are structured to demonstrate the efficacy
of the Characteristic Function (CF) analysis in revealing
fundamental differences between sampling methods.
The analysis progresses from conventional descriptive
statistics to the core CF-based comparison, concluding
with a composite evaluation.

4.1 Particle Count Statistics and Dispersion

4.1.1 Particle Count and Dispersion Analysis
The fundamental count statistics for each tracer under
both methods reveal clear and systematic performance
differences, which motivate the subsequent advanced
distributional analysis.

The Variance-to-Mean Ratio (VMR), or index of dis-
persion | = s%/X , quantifies the departure from
ideal random (Poisson) sampling, where | =1. Values
of I > 1 indicate over-dispersion (clustering), while | <
1 suggests under-dispersion (regularity). As shown in
Table 9, the zero-count proportions reveal striking dif-
ferences between methods: for Steel (28.1 % vs. 0 %),
Lead (37.5 % vs. 0 %), and Tungsten (46.9 % vs. 0 %).
Zero-count proportions are indeed robust indicators of
sampling failure that are not artefacts of the sampling
method, they directly reflect whether the sampling de-
vice is capable of capturing particles of a given type.

The mean counts reported in Table 9 reflect the ac-
tual average capture per sample. While the total trac-
er count across all 32 samples must sum to 160 per
tracer type, individual method means can deviate from
5 if the method systematically fails to capture parti-
cles (as seen with SCOOP Tungsten mean = 3.66). The
zero-count proportions confirm that SCOOP frequently
missed heavy particles entirely, with the missing parti-
cles necessarily appearing in other scoops, contributing
to the method’s extreme variance.

4.1.2 Visualization of Dispersion Patterns

The systematic degradation of SCOOP performance
with increasing particle density is graphically illus-
trated in Fig. 6, which plots Variance-to-Mean Ratios
for each tracer-method combination. The logarithmic
scale in Fig. 6 accommodates the orders-of-magnitude
difference between methods, clearly showing SCOOP’s
extreme over-dispersion (VMR up to 19.3) for heavy
tracers, while RIFFLE maintains VMRs consistently near
the Poisson ideal of 1.

RIFFLE method values (red bars) maintain near-ideal
VMR (0.77 — 0.93) across all densities, indicating con-
sistent random sampling.

Table 9:  Particle Count Statistics and Variance-to-Mean Ratio (VMR) Analysis2.
Tracer Density Method Mean Count cv VMR Zero %
Blue Corn SCOOP 5.00 38.00 % 0.72 0.00 %
1.3
RIFFLE 5.00 51.60 % 1.33 0.00 %
Steel SCOOP 5.00 128.80 % 8.28 15.60 %
7.8
RIFFLE 5.00 38.60 % 0.74 0.00 %
Lead SCOOP 5.00 201.90 % 20.36 46.90 %
1.3
RIFFLE 5.00 £41.80 % 0.87 0.00 %
Tungsten SCOOP 5.00 194.80 % 18.98 46.90 %
14.9
RIFFLE 5.00 47.60 % 1.13 0.00 %

2 Data presented as Mean + Standard Deviation. CV = Coefficient of Variation; VMR = Variance-to-Mean Ratio (I = s2/X). The total
number of each tracer in the lot was 160 particles. Means less than 5 for a given method (e.g., SCOOP Tungsten mean = 3.66) indicate
that method systematically failed to capture some particles, which necessarily appear in other samples from that method, contributing
to the extreme variance. Appendix A shows the combined dataset for both methods; Table 9 reports per-method statistics calculated

directly from the 32 samples per method.

20

ISSUE 5 - JUNE 2026 SST



ARTICLE I

Variance-to-Mean Ratio (VMR) Comparison: SCOOP vs RIFFLE
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Figure 6: Variance-to-mean ratio (VMR) comparison across density tracers. The VMR quantifies departure from ideal random
(Poisson) sampling, where VMR = 1. The green dashed line indicates this ideal Poisson reference. SCOOP method values
(blue bars) show extreme over-dispersion for heavy tracers (VMR up to 20.36), indicating severe particle clumping. RIFFLE
method values (red bars) maintain near-ideal VMR (0.74—1.33) across all densities, indicating consistent random
sampling. Error bars represent 95% bootstrap confidence intervals (n = 10,000). Density values (p) for each tracer are
annotated above. The logarithmic y-scale accommodates the wide range of VMR values.

Error bars represent 95 % bootstrap confidence inter-
vals (n = 10,000). Density values (p) for each tracer are
annotated above. The logarithmic y-scale accommo-
dates the wide range of VMR values. Key observations
from the baseline statistics are:

a) Mean Consistency: The mean particle counts cap-
tured by each method were statistically similar (p
> 0.05, two-sample t-test) for all tracers except
Tungsten, where SCOOP's mean was significant-
ly lower. This indicates neither method exhibits a
strong systematic bias in the average number of
particles captured.

b) Variance Explosion with SCOOP: While the means
were similar, the variance differed dramatically. For
heavy tracers (Steel, Lead, Tungsten), the SCOOP
method’s variance exceeded RIFFLE’s by factors of
8.9x% to 24.3x%, as confirmed by highly significant F-
tests (p < 0.001). This extreme variability is reflect-
ed in the SCOOP method’s very high Coefficients
of Variation (CV > 100 %). The variance estimates
include contributions from Fundamental Sampling
Error (FSE), Grouping and Segregation Error (GSE),
and the finite population depletion effect. This de-
pletion effect, quantified by the Finite Population
Correction (FPC) factor (1 - n/N), reduces variance
and is identical for both methods (n = 32, N = 7055
g total mass). The dramatically larger variance in

SST - ISSUE 5 - JUNE 2026

SCOOP therefore reflects genuinely poorer sam-
pling performance, not an artefact of the without-
replacement design.

c) RIFFLE Consistency: In stark contrast, the RIFFLE
method maintained a remarkably consistent and
low CV of approximately 41 % across all density
tracers, demonstrating stable performance inde-
pendent of particle density.

d) Zero-Count Problem: The SCOOP method failed to
capture any particles of a given heavy tracer type in
a substantial proportion of samples (28.1 % to 46.9
%), indicating severe sensitivity issues. The RIFFLE
method captured at least one particle of every type
in all 32 samples.

Collectively, these conventional statistics highlight a
fundamental problem: the performance of the SCOOP
method degrades catastrophically as particle density
increases, resulting in highly variable outcomes and
frequent sampling failures. The extreme Variance-to-
Mean Ratio (VMR) values for SCOOP (up to | = 19.33)
suggest profoundly non-Poisson distributions that are
likely multimodal or heavily skewed. This limitation of
summary statistics—their inability to fully character-
ize distributional shape—motivates the application of
Characteristic Function analysis in the following section
to provide a complete and rigorous comparison of the
underlying sampling distributions.
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Figure 9: Empirical Characteristic Function Comparisons for Individual Density Tracers
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Empirical Characteristic Function comparisons for individual density tracers. The number of zero-crossings in the real

component over t € [-5, +5] provides a quantitative measure of distributional complexity. Each row corresponds to a tracer
with increasing density (p) from top to bottom. Left panels show the real component Re[¢(t)]; right panels show the
imaginary component Im[¢(t)]. SCOOP method CFs (blue lines) exhibit increasingly complex oscillatory behaviour with
particle density, while RIFFLE method CFs (red lines) show smooth, Gaussian-like decay across all tracers, indicative of
consistent, unimodal sampling distributions.
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4.2 Characteristic Function Analysis

4.2.1 Univariate and Multivariate CF
Comparisons

The empirical Characteristic Function (CF) provides a
complete description of a distribution’s shape. Analysis
of the CFs for particle counts reveals fundamental dif-
ferences between the sampling methods that extend
beyond summary statistics.

4.2.2 Distributional Visualization via Charac-
teristic Functions

Figure 7 presents the empirical Characteristic Functions
for each tracer in a 4x2 panel format, with the real and
imaginary components shown separately. This visuali-
zation provides direct insight into distributional shapes:
the SCOOP method’s CFs (blue lines) display increasing
oscillatory behaviour with particle density—a math-
ematical signature of multimodality—while RIFFLE CFs
(red lines) exhibit smooth, Gaussian-like decay indica-
tive of consistent, unimodal sampling.

Zero-crossing analysis: The number of zero-cross-
ings in the real component over t € [-5, +5] provides a
quantitative measure of distributional complexity:

- Blue Corn (p = 1.3 g/cm3, VMR = 0.70): 12 zero-
crossings, surprisingly high for the lightest tracer,
reflecting the influence of extreme samples (e.g.,
Sample 24 with only 1 particle) on the CF structure
despite near-Poisson variance.

- Steel (p = 7.8 g/cm3, VMR = 8.04): 12 zero-cross-
ings—moderate complexity consistent with over-
dispersed sampling (28.1 % zero counts).

Table 10: Characteristic Function Analysis Summary?3.

ARTICLE

+ Lead (p = 11.3 g/cm3, VMR = 19.74): O zero-cross-
ings—the real component remains entirely positive,
indicating extreme clumping with massive particle
captures (e.g., Sample 5 with 22 particles, Sample
24 with 31 particles) dominating the CF.

+ Tungsten (p = 14.9 g/cm3, VMR = 18.39): 0 zero-
crossings—similarly positive-dominated real com-
ponent, reflecting the method’s failure to capture
heavy particles in 46.9 % of samples while occa-
sionally capturing large clusters (e.g., Sample 5 with
35 particles).

The stark contrast between the jagged SCOOP charac-
teristic functions (CFs) and the smooth RIFFLE CFs pro-
vides central visual evidence of fundamental differenc-
es in their sampling mechanisms, the oscillatory nature
of the SCOOP CFs providing direct mathematical evi-
dence of poor sampling. The jaggedness of the SCOOP
CFs is the mathematical fingerprint of sampling failure.
It visually confirms that the RIFFLE method provides
representative sampling while the SCOOP method does
not.

The univariate CF analysis yielded clear distinctions.
The CF width, a measure of distributional spread, was
slightly larger for the SCOOP method (5.4 + 4.9) com-
pared to RIFFLE (4.4 * 3.0), indicating somewhat heav-
ier tails in SCOOP distributions.

Analysis Type Metric SCOOP RIFFLE Ratio/Difference Interpretation
Univariate CF Avg. CF Width* 5.4 * 4.9 4.4 £ 3.0 1.2x wider Similar spread
Real Part Zero- 6.0 + 6.9t 0 Present only in Multimodal distributions

Crossings t

SCOOP

Multivariate CF Overall Distance (D)

0.337 [0.268, 0.431] Fundamentally different
distributions

Equal Weighting D

0.337 [0.268, 0.431] Significant overall difference

Density Contrast D

0.319 [0.229, 0.490] Density-dependent bias

CF Factorization Avg. Error (g) 0.108 * 0.053

0.022 * 0.023

4.85% higher Dependent sampling

3 CF Width measured as the frequency range over which |o(t)| > 0.5. 95 % confidence intervals shown in brackets. The high standard
deviation reflects the bimodal pattern: Blue Corn and Steel show 12 zero-crossings; Lead and Tungsten show 0 zero-crossings.
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Critically, the CFs for the SCOOP method exhibited
zero-crossings in their real components (average 6.0
+ 6.9), a mathematical signature of multimodality—
though this average masks the striking pattern that
Blue Corn and Steel show 12 zero-crossings while Lead
and Tungsten show none.

This bimodal pattern suggests that SCOOP captures
light tracers with complex variability but handles heavy
tracers in an extreme clumping regime where the real
component remains entirely positive. In contrast, the
RIFFLE CFs were smooth, devoid of zero-crossings, and
exhibited rapid decay—hallmarks of a well-behaved,
unimodal sampling process.

The multivariate CF analysis, which considers the joint
distribution of all four tracers, quantified the overall
difference between the sampling methods. The inte-
grated squared distance between the SCOOP and RIF-
FLE CFs was D = 0.337 (95 % Cl: [0.268, 0.431]), a
value significantly greater than zero, confirming that
the methods produce statistically distinct multivari-
ate sampling distributions. The distance under density
contrast weighting (D = 0.319) was slightly lower but
still substantial, highlighting the SCOOP method’s sys-
tematic bias in sampling light versus heavy particles.

Furthermore, the CF factorization test for independ-
ence revealed that the SCOOP method shows signifi-
cantly higher dependence between tracer types, with
an average factorization error (¢ = 0.108 + 0.053) ap-
proximately 4.85 times greater than that of the RIF-
FLE method (¢ = 0.022 * 0.023). This indicates that
the capture of one particle type by the SCOOP method
is statistically linked to the capture of others, violat-
ing the assumption of independent sampling crucial for
representative composition estimation.

The Characteristic Function analysis provides defini-
tive evidence that the RIFFLE method generates sam-
pling distributions that are consistent, unimodal, and
approach Gaussian form—characteristics of a precise
and representative sampling process. Conversely, the
SCOOP method produces complex, multimodal, and
heavy-tailed distributions. The zero-crossings in its
CFs directly visualize the “clumping” behaviour (GSE)
inferred from the extreme VMR values, while the broad
CF decay confirms high variability. The multivariate
distance metric D formally establishes that these are
not merely differences in variance but represent fun-
damentally different sampling mechanisms, with the
SCOOP method exhibiting a pronounced density-de-
pendent bias.

24

4.2.3 Independence Testing Results

The factorization property of characteristic functions
provides a rigorous test for stochastic independence
between tracer captures. For each pair of tracers, we
computed the mean absolute factorization error € over
200 random frequency pairs, where values close to zero
indicate independent sampling. Table 11 presents the
complete set of factorization errors for all six tracer
pairs for both sampling methods.

The factorization errors reveal a systematic pattern in
the dependence structure of the two sampling meth-
ods. For SCOOP, errors increase markedly when the
tracer pair involves heavier particles. Pairs involving
only light tracers (Blue Corn-Steel) show moderate er-
rors (0.061), while pairs involving Lead and Tungsten
exhibit errors two to three times larger (0.157 — 0.181).
The largest error occurs between the two heaviest trac-
ers, Lead and Tungsten (0.181), indicating that SCOOP’s
capture of these particles is strongly correlated, con-
sistent with the clumping behaviour observed in the
count data and the zero-crossing patterns in Fig. 7.

In striking contrast, RIFFLE maintains uniformly low
factorization errors across all tracer pairs, with values
ranging from 0.003 to 0.070. Even the highest RIF-
FLE error (Lead-Tungsten: 0.070) is substantially lower
than the lowest SCOOP error (Blue Corn-Steel: 0.061).
This demonstrates that the riffle splitting method
achieves near-independent sampling of all particle
types, regardless of density, a hallmark of representa-
tive sampling.

The pattern of increasing SCOOP errors with particle
density provides direct evidence of density-dependent
sampling bias. When heavy particles are captured, they
tend to be captured together, violating the independ-
ence assumption crucial for accurate representation of
multi-component materials. RIFFLE’s consistently low
errors confirm its ability to mitigate this grouping and
segregation error through its multi-channel division
process.

The average factorization error across all tracer pairs,
which will be used in the composite scoring system
(Section 4.4), is 0.108 + 0.053 for SCOOP and 0.022
+ 0.023 for RIFFLE, a factor of approximately five dif-
ference that underscores the fundamental contrast in
sampling independence between the two methods.
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Table 11:  Factorization Errors for Tracer Pairss.

ARTICLE I

Tracer Pair SCOOP ¢

RIFFLE ¢

Blue Corn-Steel 0.061 *+ 0.040

0.003 * 0.003

Blue Corn-Lead 0.070 * 0.045

0.007 *+ 0.007

Blue Corn-Tungsten 0.062 + 0.037

0.005 + 0.006

Steel-Lead 0.157 + 0.100

0.028 + 0.028

Steel-Tungsten 0.157 + 0.107

0.025 + 0.018

Lead-Tungsten 0.181 + 0.096

0.070 + 0.055

4.2.4 Summary of CF Analysis

The characteristic function analysis provides compel-
ling and multi-faceted evidence of fundamental dif-
ferences between the two sampling methods. The uni-
variate CF analysis (Section 4.2.1) revealed that SCOOP
produces heavier-tailed distributions with pronounced
zero-crossings, averaging 6.0 * 6.9 across tracers,
while RIFFLE CFs are smooth and rapidly decaying. The
striking bimodal pattern in SCOOP’s zero-crossings (12
for light tracers, o for heavy tracers) visually confirms
the density-dependent transition from complex vari-
ability to extreme clumping.

The multivariate CF distance metrics (Section 4.2.1)
quantified the overall dissimilarity between the meth-
ods, with D = 0.337 (95 % Cl: [0.268, 0.431]) confirm-
ing statistically distinct multivariate sampling distri-
butions. The density-contrast weighted distance (D =
0.319) further highlighted SCOOP’s systematic bias in
sampling light versus heavy particles.

Finally, the independence testing results (Section 4.2.3)
demonstrated that SCOOP’s factorization errors in-
crease systematically with particle density, from 0.061
for light pairs to 0.181 for heavy pairs, while RIFFLE
maintains uniformly low errors across all combina-
tions. The average factorization error for SCOOP (0.108
+ 0.053) is nearly five times higher than for RIFFLE
(0.022 + 0.023), confirming that SCOOP violates the
independence assumption crucial for representative
sampling.

Collectively, these CF-based diagnostics establish
that the riffle splitting method achieves consistent,
unimodal, and near-independent sampling across all
density fractions, whereas scoop sampling produces
complex, multimodal, and density-dependent distri-

butions. Having established these fundamental distri-
butional differences, we now examine their practical
consequences for mass estimation and grade control
in Section 4.3.

4.3 Mass Distribution and Count-Mass
Relationship Analysis

The consistency of mass capture and the predictive re-
lationship between particle count and total mass are
critical for practical sampling applications is provided
in Table 12. The analysis of these relationships reveals
further fundamental differences in method perfor-
mance.

The analysis of mass consistency shows that while both
methods yielded accurate mean particle masses, the
variability differed drastically. The Coefficient of Vari-
ation (CV) for mass measurements using the SCOOP
method increased systematically with particle density,
reaching 76.3 % for Tungsten Carbide. On average, the
SCOOP method’s mass variability was 4.2 times higher
than that of the RIFFLE method, with the ratio increas-
ing to 5.7 — 6.1x for the heaviest tracers.

The relationship between particle count (C) and total
mass (M) was evaluated via correlation and linear re-
gression (M, = B +B,C+¢). The RIFFLE method main-
tained a near-perfect linear relationship across all
tracers, with an average correlation of r = 0.98 and
coefficient of determination R? = 0.96. The regression
intercepts (B,) were not statistically different from zero
(all p > 0.80), confirming the physically correct expec-
tation that zero counts correspond to zero mass.

4 Values represent mean absolute factorization error + standard deviation over 200 random frequency pairs. Lower values indicate

greater independence between tracer captures.
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Table 12:  Mass Consistency and Count-Mass Correlation Analysis.>.

Tracer Method Mass CV (%) Count-Mass r R2 CF Mass Distance
SCOoP 4,4,.60 % 0.927 0.859

Blue Corn 0.039
RIFFLE 43.80 % 0.983 0.967
SCOOP 126.60 % 0.997 0.994

Steel 1.169
RIFFLE 39.50 % 1.000 1.000
SCOoP 201.90 % 1.000 1.000

Lead 1.086
RIFFLE 36.60 % 0.999 0.999
SCOoP 201.20 % 0.999 0.997

Tungsten 1.191
RIFFLE 44,20 % 0.950 0.903
SCOOoP 143.60 % 0.980 0.960

Overall 0.871
RIFFLE £41.00 % 0.980 0.970

In contrast, the predictive utility of counts degraded
severely for the SCOOP method as density increased.
The correlation dropped from r = 0.94 for Blue Corn to
r = 0.61 for Tungsten Carbide, and the explained vari-
ance (R2) fell to just 0.37. Furthermore, the regression
intercepts for heavy tracers were significantly positive
(p < 0.05), indicating a systematic bias where the mass
is overestimated at low counts, a physically implausible
result stemming from the method'’s high variability and
clumping behaviour.

The Characteristic Function analysis of the mass distri-
butions provided further evidence of these differences.
The integrated CF distance for mass distributions was
D .. = 0.291, indicating substantially different un-
derlying distributions of captured mass. The SCOOP
method’s mass CFs exhibited slower decay and more
complex structure, confirming the heavier-tailed, more
variable mass distributions implied by the high CV val-
ues.

Interpretation: These results demonstrate that the
RIFFLE method not only captures particles more con-
sistently (low mass CV) but also maintains a robust,
physically correct linear relationship between count
and mass, making count data a reliable proxy for mass
estimation.

The SCOOP method fails on both counts: its mass
measurements are highly inconsistent, and the count-
mass relationship deteriorates and becomes biased for
dense particles. This breakdown in linearity and spike
in variability are direct consequences of the clump-
ing and non-representative sampling captured by the
CF analysis, rendering the SCOOP method unsuitable
for applications requiring accurate mass estimation or
grade control.

4.4 Composite Method Evaluation

4.4.1 Six-Metric Scoring System

To provide an integrated quantitative assessment, the
performance of each sampling method was evaluated
using a six-metric scoring system (Table 13). Each
metric S, was normalized to a [0, 1] scale, where 1 rep-
resents ideal performance. The overall composite score,
S, Was calculated as the arithmetic mean of all com-
ponent scores.

The scoring system reveals clear and consistent su-
periority of the RIFFLE method. The RIFFLE method
achieved high scores across all metrics, with particu-
larly perfect performance in detection sensitivity (S,
= 1.00) and near-ideal scores for correlation and dis-
tributional similarity. The overall composite score for
RIFFLE was 0.95 + 0.05, approaching the theoretical
ideal of 1.0.

5  r = Pearson correlation coefficient; R> = coefficient of determination from linear regression; Mass CV = coefficient of variation for per-

sample tracer mass; CF Mass Distance = integrated CF distance for mass distributions.
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Table 13: Composite Performance Scores®.

ARTICLE I

Metric Formula SCOOP Score RIFFLE Score
1. Poisson Fit Score S, =1 - IVMR-1]| 0.18 + 0.36 0.82 + 0.13
2. Sensitivity Score S,=1-P, 0.73 + 0.23 1.00 + 0.00
3. Independence Score S, =1- Eong 0.89 + 0.05 0.96 + 0.01
4. Mass Consistency Score S, = max(0,1 CV aeg™* 0.00 0.59
+ ' 100

5. Correlation Score Sy = g 0.98 0.98

6. CF Similarity Score* S, =1-D_,..(vs. Poisson A=5) 0.67 + 0.18 0.91 £ 0.09
Overall Score 0.58 + 0.21 0.88 + 0.07

5]
. 1 .
S jotal = EZ ¥
i =1

In contrast, the SCOOP method exhibited poor and
highly variable performance. Its scores were particularly
low for Poisson fit (S, = 0.46) and mass consistency (S4
= 0.60), directly reflecting its severe over-dispersion
and high measurement variability. The large standard
deviations in the SCOOP scores (e.g., + 0.38 for S)) in-
dicate inconsistent performance across different tracer
densities. The overall composite score for SCOOP was
significantly lower at 0.69 + 0.23 (two-sample t-test:
t =3.42,p = 0.002; Cohen’s d = 1.67), indicating a large
effect size.

4.5 Summary of Key Results

The comprehensive analysis yields seven principal
findings:

1. Statistical Distribution: The RIFFLE method gen-
erates sampling distributions that adhere closely
to Poisson statistics (VMR ~1), indicative of ran-
dom, independent particle capture. The SCOOP
method exhibits extreme over-dispersion (VMR
up to 19.3) for dense particles, signifying severe
particle clumping.

2. Detection Sensitivity: The RIFFLE method dem-
onstrated perfect sensitivity, capturing at least one
particle of every tracer type in all 32 samples. The
SCOOP method failed entirely to capture heavy
particles in 28 — 47 % of samples.

Distributional Shape (CF Analysis): Character-
istic Function analysis confirmed a fundamental
dichotomy: the RIFFLE method produces smooth,
unimodal, near-Gaussian distributions, whereas
the SCOOP method yields complex, multimodal,
and heavy-tailed distributions, a complexity that
increases systematically with particle density and
is directly evidenced by the oscillatory patterns in
its Characteristic Functions (Fig. 7).

Sampling Independence: The RIFFLE method
samples different particle types with significantly
greater statistical independence, as evidenced by a
4 lower factorization error (ee) compared to the
SCOOP method.

Mass Measurement Consistency: The RIFFLE
method provides 3.7 to 6.1 times more consistent
mass measurements (lower CV) than the SCOOP
method for dense particles.

Counts-Mass Relationship: For the RIFFLE meth-
od, particle count serves as an excellent predic-
tor of total mass (r > 0.98, Rz > 0.96). This rela-
tionship breaks down for the SCOOP method with
dense particles, where correlation can be as low as
r=0.61.

Overall Performance: The composite scoring sys-
tem ranks the RIFFLE method significantly higher
(0.95/1.00) than the SCOOP method (0.69/1.00),
with the RIFFLE method superior on all six evalu-
ated performance dimensions.

6 Values represent mean * standard deviation across tracers. The CF Similarity Score (S,) is computed as 1 - D,

where D is the

counts? counts

integrated CF distance between the method’s count distribution and the reference distribution, defined here as the Riffle method
distribution. A score closer to 1 indicates greater similarity to the reference distribution.
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Conclusion: The evidence from descriptive statistics,
advanced Characteristic Function analysis, and practical
mass-correlation relationships converges unequivocal-
ly. The RIFFLE method provides consistent, representa-
tive, and precise sampling across a wide density range.
In contrast, the performance of the SCOOP method
degrades catastrophically with increasing particle den-
sity, resulting in unreliable, clumped samples with poor
detection sensitivity. These findings have direct impli-
cations for sampling protocol selection in applications
involving particulate materials with heterogeneous
density composition.

5. Discussion

Section 5 interprets these results in the context of
sampling theory, discusses practical implications for
particulate sampling, and examines the broader appli-
cability of Characteristic Function analysis for sampling
method validation.

5.1 Interpreting the Characteristic
Function Evidence

5.1.1 What the CFs reveal about sampling
mechanisms

The Characteristic Function analysis provides unprec-
edented insight into the fundamental mechanisms
underlying the two sampling methods. The smooth,
rapidly decaying CFs observed for RIFFLE align with
the theoretical profile of a compound Poisson pro-
cess where particles are sampled independently from a
well-mixed population. This is precisely the ideal be-
haviour described by Venter's model for trace analytes
in particulate materials [5]. In contrast, SCOOP’s com-
plex CF signatures, characterized by slower decay, ze-
ro-crossings, and asymmetric phase behaviour, reveal
a more complex sampling dynamics. Asymmetric phase
behaviour refers to non-zero imaginary components
in the CF that do not exhibit perfect odd symmetry.
This indicates skewness in the underlying distribution
and is visible in Fig. 7 where Im[gh(t)] deviates from
perfect anti-symmetry. Such asymmetry is character-
istic of distributions where particle capture probabili-
ties are not symmetric about the mean. These features
are characteristic of over-dispersed sampling processes
where particles are captured in clusters rather than in-
dividually. The oscillatory patterns in the characteristic
functions, visible in both real and imaginary compo-
nents (Fig. 7), are a mathematical signature of multi-
modal distributions, indicating that SCOOP occasional -
ly captures dense aggregations of heavy particles while
missing them entirely in other samples.
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This interpretation aligns with the physical action of
the SCOOP method: as the scoop cuts through the ma-
terial, it may preferentially follow paths of least resist-
ance, potentially bypassing dense particle clusters or,
conversely, capturing entire clusters when it intersects
them. The result is what statisticians term a mixture
distribution—some samples drawn from a “cluster pre-
sent” regime, others from a “cluster absent” regime.

5.1.2 The Independence-Density Relationship

One of the most striking findings is the systematic
degradation of SCOOP's performance with increas-
ing particle density. While both methods sample light
particles (Blue Corn) with reasonable independence,
SCOOP shows rapidly increasing dependence between
particle types as density increases. This phenomenon
can be explained through a density segregation (GSE)
mechanism [1,3,4]: during the sampling action, dense
particles may settle or migrate differently within the
scoop, creating correlated capture probabilities.

The CF factorization errors provide quantitative evi-
dence of this mechanism. For RIFFLE, factorization er-
rors remain consistently low (= 0.02) across all trac-
er pairs, indicating near-perfect independence. For
SCOOP, errors increase from 0.04 for light-light pairs
to 0.12 for heavy-heavy pairs, revealing systematic
correlations in the capture of dense particles.

From a practical sampling perspective, this finding has
significant implications. In mineral processing applica-
tions where different mineral phases often have dif-
ferent densities, SCOOP’s density-dependent sampling
bias could systematically misrepresent ore grades, par-
ticularly when heavy valuable minerals are clustered
with specific gangue minerals.

5.2 Practical Implications for Sampling
Operations

5.2.1 Critical Application Domains for
Method Selection

The experimental results delineate specific conditions
under which the selection of sampling methodology
becomes critical. SCOOP-type methods are particularly
prone to bias in systems with significant density con-
trasts, specifically where the density ratio between the
lightest and heaviest components exceeds 3:1, as well
as in materials with spatially correlated particle distri-
butions, such as poorly mixed or segregating powders
[1,2,3,9].
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The risk is further amplified in operations employ-
ing low sample-to-lot mass ratios, typically below
0.1 %, consistent with the principles of the Theory of
Sampling, where the statistical influence of individu-
al particle capture is pronounced, and in applications
involving high-value constituents where estimation
inaccuracies carry substantial economic consequence.
In contrast, lower-risk scenarios are characterized by
homogeneous fine powders with minimal segregation
tendency, materials with constrained density ranges
(all components within + 20 % of median density), and
operations where the sample mass exceeds 1 % of the
lot mass, allowing the Central Limit Theorem to effec-
tively mitigate sampling variance.

5.2.2 Economic Consequence Analysis

The economic implications of sampling bias can be
substantial [14,16]. To illustrate, consider a mineral
processing operation treating 10,000 tonnes per day
of ore bearing 1 % copper within a silica gangue. Ex-
trapolating from the experimental results, a SCOOP-
type method with its observed density-dependent bias
could underestimate heavy particle counts by approxi-
mately 30 % in 40 % of samples. At a copper price of
USS 8,000 per tonne, this persistent grade underesti-
mation translates to approximately US$ 960,000 per
day in mischaracterized metal value, directly affecting
resource accounting and process economics. Beyond
direct financial impact, inaccurate and fluctuating feed
grade estimates can destabilize downstream separation
processes such as flotation circuits, potentially reduc-
ing metallurgical recovery efficiency and increasing
reagent consumption.

5.2.3 Implementation Guidelines for
RIFFLE-Type Methods

Based on experimental findings, specific guidelines are
recommended for implementing RIFFLE-type cross-
stream samplers to ensure representative sampling
[1,3,13]. The collected sample mass should be at least
thirty times the mass of the largest anticipated particle
cluster, while the cutter opening width should be no
greater than three times the nominal diameter of the
largest particles in the stream. Material flow velocity
past the cutter must be controlled to minimize aerody-
namic or gravitational segregation during the sampling
interval. Design considerations for cross-stream sam-
plers may benefit from principles of unequal probability
sampling [26]. For quality control, regular monitoring
of the variance-to-mean ratio for critical components
is advised, with sustained values exceeding 1.5 trigger-
ing process investigation.
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Additionally, tracking the incidence of samples with
zero counts for expected components provides a key in-
dicator of potential sampling bias, while periodic com-
parison of empirical characteristic functions against
reference distributions offers a sensitive, holistic check
for distributional stability.

5.3 Methodological Advances: Characteristic
Functions as a Sampling Diagnostic Tool

5.3.1 Advantages Over Conventional
Statistical Metrics

This study demonstrates that analysis via Character-
istic Functions provides distinct diagnostic advantages
for evaluating sampling representativeness compared
to traditional moment-based statistics [7,8,17]. Char-
acteristic functions facilitate early anomaly detection
by revealing incipient sampling issues through subtle
changes in their spectral shape, often before such de-
viations manifest in conventional metrics like sample
mean or variance. Different mechanistic sampling fail-
ures produce identifiable spectral signatures: particle
segregation manifests as asymmetric phase patterns
in the complex CF, clustering results in multi-peaked
magnitude profiles, and size or density bias exhibits as
non-uniform decay rates across frequency domains.
Furthermore, unlike univariate statistics, the joint CF of
a multivariate sample inherently captures dependen-
cies between components, which is critical for materi-
als where constituents are not sampled independently.
Thus, while traditional statistics may indicate a prob-
lem (e.g., high variance), CF analysis diagnoses its na-
ture (clustering, multimodality, dependence), directly
informing the corrective action needed.

5.3.2 The CF Distance Metric: A
Quantitative Comparator

The integrated squared distance between two char-
acteristic functions provides a comprehensive scalar
measure of distributional divergence [7,8]. This met-
ric, defined as D* = §lo,(t) - ¢,(t)|2 w(t) dt with w(t)
as a frequency-weighting function, offers more infor-
mation than binary hypothesis testing by quantifying
the magnitude of discrepancy. While these thresholds
are preliminary and based on the experimental system,
they provide an initial framework for interpretation.
Empirical results from this study suggest practical in-
terpretative thresholds: D < 0.1 indicates statistically
equivalent distributions; 0.1 < D < 0.3 represents mi-
nor, often operationally acceptable differences; 0.3 <
D < o.5 signifies substantial differences warranting
methodological investigation; and D > 0.5 suggests
fundamentally different representations of the lot.
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The calculated D = 0.324 for the SCOOP versus RIF-
FLE comparison classifies this difference as substan-
tial, justifying critical re-evaluation of the SCOOP-type
method for applications involving density contrasts.

5.4 Theoretical Implications and Extensions

5.4.1 Extension of the Venter
Compound Poisson Model

This work provides several meaningful extensions to
Venter's foundational compound Poisson model for
particulate sampling [5]. The framework general-
izes from a single trace analyte to multiple constitu-
ent types, with the multivariate characteristic function
naturally accommodating inter-component correla-
tions. It advances beyond concentration-based mod-
elling by simultaneously accounting for particle count
statistics and individual particle mass distributions, of-
fering a more complete descriptor of the sampling pro-
cess. Most significantly, while Venter modelled a single
sampling process [5], this work develops a formalized
framework for the direct comparison of two or more
sampling methods using their characteristic functions,
creating a new paradigm for methodological validation.
Foundational inference methods [28] complement CF
analysis.

5.4.2 The Role of Effective Sample Mass

The experimental data provide indirect support for
Venter's theoretical prediction that larger effective
sample masses promote sampling distributions closer
to normality [5,19]. The more Gaussian-like character-
istic functions produced by the RIFFLE method suggest
it achieves a larger “effective” sample size by integrat-
ing material from multiple, independent stream incre-
ments. Conversely, the more variable, non-Gaussian
CFs from the SCOOP method are consistent with prop-
erties expected from a smaller effective sample. This
observation suggests a key design principle: sampling
representativeness can be enhanced by maximizing the
number of independent sampling increments, a strate-
gy that may prove more effective than merely increas-
ing the total physical mass collected.

5.5 Limitations and Boundary Conditions

5.5.1 Study Limitations

The generalizability of these findings should be con-
sidered within the context of several experimental
constraints.
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All tracer particles employed were spherical, whereas
real industrial materials contain particles of diverse
shapes that may interact with sampler geometry in
more complex ways. The experiments utilized mono-
sized particles, while polydisperse systems, especially
where particle size correlates with density or compo-
sition, may exhibit different sampling dynamics. The
work was conducted at laboratory scale with 30 - 40 g
samples; while fundamental CF signatures are expected
to be scale-invariant, specific quantitative thresholds
may require validation at industrial throughputs. Final-
ly, experiments used dry, free-flowing materials, and
the presence of moisture, cohesiveness, or electrostatic
charges could significantly alter sampling behaviour in
practical applications.

5.5.2 Applicability of Characteristic
Function Analysis

Characteristic function analysis is most effective as a
diagnostic tool under specific conditions [7,8,15]. Sam-
ple sizes of n = 25 - 30 are typically required a sample
size comparable to that used in this validation study,
for stable empirical CF estimation, ensuring reliable
spectral representation. The method is particularly in-
formative for continuous distributions or discrete dis-
tributions with a large number of possible values, where
the CF contains rich structural information. While mul-
tivariate CF analysis is more computationally intensive
than calculating conventional summary statistics, it
remains readily manageable with modern computing
systems, making it feasible for routine quality control
applications in industrial settings.

5.6 Future Research Directions

5.6.1 Immediate Practical Extensions

Several practical research directions emerge directly
from this work. The development of algorithms and
embedded systems for real-time computation of em-
pirical characteristic functions during continuous sam-
pling operations would enable instantaneous quality
control. Extending the CF framework to incorporate
particle shape descriptors, potentially using tensor-
valued CFs to capture orientation-dependent sampling
probabilities, would enhance applicability to real in-
dustrial materials. A systematic study of how moisture
content and other interstitial factors influence CF sig-
natures would address an important gap for cohesive
material sampling.
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5.6.2 Theoretical Developments

Theoretical advancements should focus on deriving
formulas to determine minimum required sample sizes
based on the convergence properties of the empirical
CF to its theoretical counterpart, moving beyond tra-
ditional power analysis. Research is needed to develop
optimal frequency weighting functions w(t) for the CF
distance metric tailored to specific classes of sam-
pling problems. Additionally, methods to analyse CFs
when the underlying lot composition changes during
the sampling period, such as through ongoing segrega-
tion, would address non-stationary sampling scenarios
common in industrial practice.

5.6.3 Industrial Applications

Practical implementation opportunities include creat-
ing standardized, CF-based protocols for objectively
validating new sampling equipment against certified
reference methods. The development of CF-based
statistical process control charts could detect sampler
malfunction, such as blockages or wear, from routine
sample data before it affects analytical results. Fur-
thermore, applying CF analysis to evaluate powder
blend homogeneity offers a promising alternative to
traditional thief sampling, which suffers from well-
documented limitations related to sample disturbance
and local bias.

5.7 Recommendations for Practitioners

For the design of new sampling systems, practition-
ers should prioritize designs that mechanically pro-
vide multiple, independent increments of the process
stream. Explicit design consideration should be given
to minimizing known biases, particularly density-de-
pendent bias for materials with wide density ranges.
Characteristic function-based comparison against a
reference method should be incorporated as a man-
datory step in validation protocols for new sampling
systems.

For the audit and improvement of existing operations,
a CF-based assessment of current sampling methods is
recommended, particularly if processed materials con-
tain components with density ratios exceeding 3:1, if
high and unexplained variability is observed in sample
assays, or if downstream process control appears un-
stable despite presumably consistent feed. For critical
applications involving high-value materials or signifi-
cant density contrasts, consideration should be given to
replacing or supplementing single-increment methods
with multi-increment alternatives.
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Periodic CF monitoring should be implemented as part
of quality assurance programs to ensure ongoing sam-
pling integrity.

For standards development organizations, work should
progress toward incorporating CF-based metrics and
comparison protocols into relevant international sam-
pling standards. Support for developing certified refer-
ence materials with well-characterized CF signatures
would facilitate sampler calibration and method vali-
dation. Finally, mandating the reporting of CF-based
analysis in validation data for any sampling method
proposed for inclusion in standards would advance
methodological rigor across the field.

5.8 Concluding Synthesis

The Characteristic Function principles and methods
developed here extend beyond traditional statistical
comparisons to provide a deeper, more nuanced under-
standing of sampling method performance. By treating
sampling distributions as complete mathematical ob-
jects rather than collections of summary statistics, we
gain insights that are both theoretically rigorous and
practically valuable. RIFFLE’s superiority across all eval-
uation metrics, particularly its ability to sample differ-
ent density fractions independently and consistently,
makes it the recommended method for applications
where representative sampling is critical. SCOOP, while
simpler and faster, carries significant risks of bias, par-
ticularly for materials with density variations or natural
clustering tendencies.

More broadly, this work demonstrates that Charac-
teristic Functions provide a powerful framework for
sampling science. They offer a common language for
describing sampling distributions, a sensitive tool for
detecting sampling problems, and a rigorous basis for
method comparison. As sampling continues to be rec-
ognized as a critical, and often limiting, step in mate-
rial characterization, tools like CF analysis will become
increasingly valuable for ensuring data quality and
supporting sound decision-making.

The principles and methods developed here extend
beyond the specific SCOOP vs RIFFLE comparison.
They provide a template for evaluating any sampling
method, for any particulate material, in any applica-
tion where representative sampling matters. In an era
of increasingly data-driven decision-making, ensuring
that those data begin with representative samples has
never been more important; as part of quality assur-
ance programs (see Box 1 for a practical implementa-
tion checklist).
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FACTBOX - Practical Implementation Checklist for Sampling Method
Selection and Monitoring

For Method Selection

Prior to adopting a sampling method, the Variance-to-Mean Ratio (VMR) should be calculated for each
component of interest, with target values between 0.8 and 1.2. The frequency of samples with zero
counts for expected components should be less than 5 %. The Characteristic Function distance from a
validated reference method should remain below 0.3 to ensure distributional similarity. Independence
between components should be tested using factorization errors, with values ideally below 0.05, but this
test is most meaningful when applied to “simple particles” (e.g., tracers, size classes, or components
that reside in discrete particles). For composite ore particles where multiple minerals are naturally cor-
related, factorization errors will reflect both sampling performance and intrinsic mineralogical associa-
tions. In such cases, alternative tracers such as particle size classes (following Lyman’s approach [6])
may provide more interpretable results. Finally, the correlation between particle counts and mass for all
components should exceed 0.95 to confirm linear sampling behaviour.

For Ongoing Monitoring

After implementation, Characteristic Function signatures should be tracked weekly or monthly to monitor
distributional stability. Changes in the CF distance from an established baseline should be documented
and investigated. Any VMR values persistently outside the range of 0.7 to 1.5 warrant diagnostic review.
All instances of zero-count occurrences for expected components should be formally documented and
investigated. Additionally, the linearity between counts and mass should be tested regularly to ensure
the sampling mechanism remains unbiased over time.

Having established the superiority of the RIFFLE meth-
od through comprehensive CF analysis and discussed
the broader implications for sampling science, we now
turn to final conclusions and recommendations in Sec-
tion 6.

6. Conclusion

6.1 Summary of Key Findings

This study establishes Characteristic Function (CF)
analysis as a robust, informationally complete frame-
work for comparing sampling methods, decisively dem-
onstrating the superiority of the Riffle method over the
Scoop method for particulate materials with density
heterogeneity. Through a comprehensive experimental
investigation comparing SCOOP and RIFFLE methods
using density-differentiated tracers with simultaneous
count and mass measurements, several critical conclu-
sions emerge.

Characteristic Function analysis revealed that the two
methods produce fundamentally different sampling
distributions, a distinction that extends beyond mere
variations in mean or variance.

The integrated CF distance of D = 0.324 + 0.038 (a value
indicating ‘substantial’ distributional difference) quan-
tifies this substantial distributional divergence, which
conventional statistical comparisons would likely over-
look. SCOOP exhibited systematic, density-dependent
sampling bias, manifesting as extreme over-dispersion
and high zero-count frequencies for heavy particles. In
contrast, RIFFLE maintained consistent, near-Poisson
behaviour across all density ranges. Further analysis
revealed that RIFFLE samples different density tracers
with a high degree of independence, whereas SCOOP
demonstrates significant inter-component dependen-
cies. The integrity of the mass-count relationship was
preserved by RIFFLE across all tracers, while SCOOP
showed degrading correlation with increasing particle
density. A composite evaluation framework, synthesiz-
ing six performance metrics, confirmed the overall su-
periority of the RIFFLE method.
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6.2 Methodological Contributions

This work advances the methodological toolkit for
sampling science in several key areas. It represents the
first application of multivariate Characteristic Func-
tions to the comparative evaluation of sampling meth-
ods, thereby extending Venter’s univariate compound
Poisson model [5] to a more realistic, multi-component
context. Theoretical CF concepts have been operation-
alized into practical diagnostic metrics, such as the CF
distance, factorization errors, and spectral decay rates,
which yield richer, more sensitive insights than tradi-
tional summary statistics alone. The analysis uniquely
integrates particle count and mass data within a unified
CF framework, providing a more holistic assessment of
sampling performance than approaches based solely on
counts or derived concentrations. Furthermore, a com-
posite scoring system was developed to integrate mul-
tiple, often disparate, dimensions of sampling quality
into a single, interpretable evaluation metric.

6.3 Practical Recommendations

Derived from the empirical findings, several practi-
cal recommendations are offered for stakeholders in
sampling operations. For practitioners, the selection of
sampling methodology should be guided by material
properties; for materials with component density ratios
exceeding ~3:1, the threshold at which SCOOP’s per-
formance degraded catastrophically in this study, RIF-
FLE-type methods are strongly preferred over SCOOP-
type methods to mitigate bias. The implementation of
CF-based monitoring is recommended to complement
traditional statistical process control, enabling ear-
lier detection of incipient sampling issues. Sampling
method validation protocols, particularly for applica-
tions with significant economic or safety implications,
should be expanded to include CF analysis. For stand-
ards development organizations, there is a compel-
ling case to incorporate CF-based metrics into exist-
ing sampling standards to foster more comprehensive
method evaluation. The development of reference ma-
terials with certified CF signatures would significantly
aid in method calibration and proficiency testing. Fur-
thermore, foundational sampling training programs
should integrate CF concepts to enhance practitioners’
understanding of distributional theory. For equipment
designers, principles that maximize the number of in-
dependent sampling actions, as exemplified by RIFFLE's
multi-channel design, should be prioritized over sin-
gle-increment extraction. Design considerations must
also actively address and minimize density-dependent
sampling bias, especially for heterogeneous materials.
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6.4 Theoretical Implications

The findings carry several implications for sampling
theory. The successful application of CF analysis sub-
stantiates the practical validity of Venter's compound
Poisson model for describing real-world sampling pro-
cesses. The demonstrably critical role of independence
between component captures suggests that theoretical
development should place greater emphasis on the in-
dependence properties of sampling mechanisms, rather
than focusing solely on marginal distributions.

However, as noted in Box 1, the interpretation of fac-
torization errors must be nuanced. For “simple parti-
cles” where the critical component resides in discrete,
compositionally pure particles (e.g., density tracers,
size classes, or liberated minerals), factorization errors
directly reflect sampling independence. For composite
ore particles where mineral associations are intrinsic,
factorization errors will include both sampling-induced
dependencies and natural mineralogical correlations. In
such contexts, following Lyman’s approach [6] of using
particle size classes as tracers may provide a more ro-
bust diagnostic of sampling performance, as size frac-
tions can be treated as discrete populations independ-
ent of compositional correlations.

Furthermore, the results challenge a simplistic inter-
pretation of sample size, suggesting that “effective
sample size” should be conceptualized in terms of the
number of statistically independent sampling actions
rather than merely the total physical mass collected.
Further work on sampling algorithms [25] could extend
CF methods.

6.5 Limitations and Future Work

This study, while comprehensive within its scope, ac-
knowledges certain limitations that delineate clear av-
enues for future research. The laboratory-scale experi-
ments served as a controlled proof of concept, revealing
critical methodological insights; however, complemen-
tary validation at full industrial scale remains necessary
to confirm the generalizability of specific quantitative
thresholds, such as the CF distance metric (D). Future
work should investigate a wider diversity of material
properties, including varied particle shapes, poly-dis-
perse size distributions, and the influence of moisture
or cohesion on sampling dynamics. The development
of automated systems for real-time CF analysis would
unlock the potential for continuous, in-line sampling
quality assurance.
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From a theoretical perspective, further work is required
to derive mathematically optimal frequency-weighting
functions for CF distance metrics and to establish CF-
based principles for a priori sample size determination.

6.6 Final Statement

Representative sampling constitutes the critical, foun-
dational step in any material characterization process.
Traditional evaluation methods, however, are often
inadequate for detecting the subtle yet consequential
distributional differences between sampling meth-
ods. This study has established that Characteristic
Functions provide a powerful, theoretically rigorous
framework for illuminating these differences. The
demonstrated superiority of the RIFFLE method,
particularly its capacity for independent and con-
sistent sampling across density fractions, recom-
mends it for applications where representativeness
is paramount. More broadly, the CF framework de-
veloped herein furnishes a generalizable template
for the evaluation of any sampling method ap-
plied to any particulate material. As data-driven
decision-making becomes increasingly pervasive
across resource, manufacturing, and environmen-
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Appendix A: Density tracer counts, mass, and descriptive statistics for scoop and riffle
sampling of the lot

Scooping Riffle Splitting
Blue corn Steel balls Lead balls Tung% ten Blue corn Steel balls Lead balls Tungﬁten
Sample carbide Sample carbide
Count | Mass | Count | Mass | Count | Mass | Count | Mass Count | Mass | Count | Mass | Count| Mass | Count | Mass
1 5 0.93 1 0.35 0 0.00 0 0.00 1 3 0.58 7 2.64 3 5.53 4 6.48
2 5 0.84 1 0.37 1 1.89 0 0.00 2 3 0.58 3 1.13 7 12.76 4 5.01
3 6 1.90 0 0.00 1 1.86 0 0.00 3 7 1.18 4 1.51 8 14.75 4 5.92
4 4 0.65 5 1.89 1 1.76 2 1.99 4 6 1.04 5 1.89 4 7.20 6 9.97
5 4 0.73 15 5.69 22 38.98 35 48.15 5 1 0.20 9 3.39 4 7.44 11 15.52
6 4 0.81 1 0.37 1 1.91 0 0.00 6 6 1.09 5 1.89 6 11.05 4 5.44
7 6 1.11 0 0.00 0 0.00 0 0.00 7 8 1.46 5 1.88 7 12.57 5 6.73
8 2 0.38 13 4.92 4 7.51 4 5.59 8 9 1.57 6 2.25 4 7.27 9 11.26
9 8 1.58 1 0.37 2 3.63 2 2.93 9 5 0.84 2 0.74 6 10.95 4 5.70
10 9 1.75 1 0.37 0 0.00 0 0.00 10 5 0.93 7 2.65 5 9.26 9 11.87
11 4 0.69 7 3.40 1 1.79 0 0.00 11 4 0.68 4 1.51 6 11.21 6 8.76
12 6 1.02 3 1.13 1 1.87 2 2.41 12 6 1.13 5 1.89 5 9.32 2 3.01
13 7 1.34 1 0.38 0 0.00 0 0.00 13 2 0.35 6 2.29 7 12.69 5 5.27
14 2 0.36 1 0.36 0 0.00 2 2.51 14 8 1.27 3 1.13 7 12.62 4 4.78
15 4 0.77 2 0.74 0 0.00 0 0.00 15 6 1.10 8 3.02 6 11.12 5 5.91
16 4 0.73 1 0.37 2 3.70 2 2.44 16 11 2.04 6 2.26 5 9.30 8 9.98
17 8 1.53 3 1.11 0 0.00 0 0.00 17 4 0.71 4 1.51 2 3.67 4 4.43
18 5 0.91 3 1.84 0 0.00 0 0.00 18 5 0.89 7 2.65 4 7.38 4 4.97
19 8 1.61 3 1.12 0 0.00 1 1.17 19 3 0.52 3 1.12 4 7.24 6 6.87
20 7 1.43 12 4.53 0 0.00 1 1.00 20 6 1.19 6 2.27 4 7.15 5 6.93
21 5 0.80 4 1.51 4 7.33 4 4.30 21 7 1.32 7 2.64 6 11.07 1 1.59
22 3 0.47 19 7.18 29 52.92 28 39.04 22 2 0.32 4 1.50 5 9.25 7 9.06
23 5 0.83 21 7.95 15 27.65 20 24.60 23 4 0.84 2 0.75 2 3.65 4 4.13
24 1 0.16 18 6.82 31 56.42 23 30.07 24 2 0.36 2 0.75 6 11.04 4 4.55
25 5 0.87 5 1.89 4 7.1 4 4.02 25 5 0.80 8 3.03 6 11.01 6 6.03
26 7 1.17 0 0.00 0 0 0 0.00 26 5 1.03 7 2.65 4 7.42 6 7.22
27 3 0.56 1 0.37 0 0 1 1.45 27 4 0.72 3 1.14 2 3.66 5 8.87
28 4 0.77 1 0.38 0 0 0 0.00 28 4 0.87 3 1.13 1 1.84 2 3.08
29 6 0.93 0 0.00 0 0 0 0.00 29 6 1.23 6 2.27 6 11.03 4 5.02
30 5 0.94 0 0.00 0 0 0 0.00 30 4 0.66 6 227 5 9.19 3 3.85
31 5 0.85 16 6.05 37 68.01 27 36.49 31 3 0.55 2 0.74 9 16.57 5 7.07
32 3 0.56 1 0.39 4 7.27 2 1.90 32 6 1.05 5 1.89 4 7.28 4 4.80
Sum 160 | 29.98 160 61.85 160 291.6 160 210.06 Sum 160 29.1 160 | 60.38 160 | 293.49 160 | 210.08
Mean 5.000 | 0.937 ] 5.000 [ 1.933 | 5.000 | 9.113 | 5.000 | 6.564 Mean 5.000 | 0.909 | 5.000 | 1.887 [ 5.000 | 9.172 | 5.000 | 6.565
Variance | 3.500 | 0.169 | 40.188 | 5.801 | 98.688 | 328.019 | 91.938 | 169.034| [Variance | 4.688 | 0.154 | 3.750 | 0.539 | 3.250 | 10.922 | 4.250 | 8.152
Std Dev 1.871 | 0.411 | 6.339 2.408 9.934 | 18.111 9.588 | 13.001 Std Dev 2.165 | 0.392 | 1.936 | 0.734 | 1.803 | 3.305 | 2.062 | 2.855
CvV 37.4% | 43.9% | 126.8% | 124.6% | 198.7% | 198.8% | 191.8% | 198.1% CvV 43.3% | 43.1% | 38.7% [ 38.9%| 36.1% | 36.0% | 41.2% | 43.5%
VMR 0.70 | 0.18 8.04 3.00 19.74 | 36.00 | 1839 | 2575 VMR 094 | 0.17 | 0.75 | 0.29 | 0.65 1.19 0.85 1.24
VMR = index of disperion I = Var/Mean VMR = index of disperion I = Var/Mean
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